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Abstract 

Using a hyperKahler rotation on complex structures of a Calabi-Yau 2-fold and rolling 
of an isotropic 2-submanifold in a symplcctic 6-manifold, we construct, by gluing, a natural 
family of immersed Lagrangian deformations of a branched covering of a special Lagrangian 
3-sphere in a Calabi-Yau 3-fold and study how they deviate from being deformable to a 
family of special Lagrangian deformations by examining in detail Joyce's criteria on this 
family. The result suggests a potential image-support rigidity of A-branes that wrap around 
a special Lagrangian 3-sphere in a Calabi-Yau 3-fold, which resembles a similar phenomenon 
for holomorphic curves that wrap around a rigid smooth rational curve in a Calabi-Yau 3-fold 
in Gromov-Witten theory. 
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Immersed Lagrangian Deformation of Branghed Covering of SL 



0. Introduction and outline. 

In the geometric phase of the Wilson's theory-space for a boundary conformal field theory with 
weak D-brane tension, D-branes are realized in part as morphisms from Azumaya noncommuta- 
tive spaces with a fundamental module (with a connection) to string-theory target-space(-time). 
For physical A-branes in the supersymmetric case, the connection is required to be flat, possi- 
bly with singularities, and the associated maps from the surrogates are required to be special 
Lagrangian morphisms. See [L-Y2: Sec. 2.1] for more explanations and references. 

In the special case when D-branes wraps a special Lagrangian 3-sphere in a Calabi-Yau 3-fold, 
it follows from Robert McLean [McL] that the latter is rigid for a topological reason and it is 
natural to ask whether through such wrapping one can deform the image D-brane away from 
the given special Lagrangian 3-sphere. The answer would influence, for example, the details 
of the quiver gauge field theory associated to a collection of special Lagrangian 3-spheres that 
intersect transversely in a Calabi-Yau 3-fold and the multiple cover formula for D3-branes (or 
Euclidean D2-branes) that wrap a special Lagrangian 3-sphere. 

Before we can address how to deal with this problem, we devote first this note to analyzing 
in detail how some existing constructions and techniques could fail in the current situation. 

This is a sequel to [L-Yl] (D(6)) and [L-Y2] (D(7)). In the first part of this note (Sec. 1 - 
Sec. 3), we take a fundamental existence theorem of Dominic Joyce ([Jo3: III. Theorem 5.3]) 
as the starting point (cf. Sec. 1), construct a natural family /* : A'^* — )• y of smooth immersed 
Lagrangian submanifolds - in a similar spirit as is done in [Sal] of Sema Salur for resolving a 
codimension-2 singularity of a singular special Lagrangian submanifold in a Calabi-Yau 3-fold 
- that has the special Lagrangian branched covering f : X ^ Y to begin with as its limit 
in C°°-topology as well as in the sense of current when t — >• (cf. Sec. 3.1), and check how 
Joyce's criteria of deformability to special Lagrangian submanifolds and standard techniques to 
justify them behave on the family {/*}t (cf. Sec. 3.2 - Sec. 3.4). Some necessary background 
and ingredients for the study are given in Sec. 2 and the beginning of Sec. 3.2; and a summary 
on the deviation of {ft}t from Joyce's criteria is given in Sec. 4. The investigation reveals a 
potential image-support rigidity of A-branes that wrap around a special Lagrangian 3-sphere in 
a Calabi-Yau 3-fold. This resembles a similar phenomenon for holomorphic curves that wrap 
around a rigid smooth rational curve in a Calabi-Yau 3-fold in Gromov-Witten theory. 

Finally, we should remark that, instead of taking Joyce's Existence Theorem as the starting 
point, one can also proceed to understand the problem from a direct approach through a route 
following Adrian Butscher ([Bui], [Bu2]), Yng-Ing Lee [Lee], and Semar Salur [Sal]. 

Convention. Standard notations, terminology, operations, fact^ in (1) Riemannian, spec- 
tral/hyperKahler geometry; (2) analysis on Riemannian manifolds; (3) symplectic/calibrated 
geometry; (4) branched coverings can be found respectively in (1) [G-H-L], [S-Y]/[Jo2]; (2) 
[Au]; (3) [McD-S], [G-S]/[H-L], [Ha], [McL]; (4) [Ro]. 

• ^n-(suh)manifold for real (sub)manifold of (real) dimension n vs. ^n-fold for complex man- 
ifold of (complex) dimension n. 

• ^Branch locus' P of a map vs. ^grapK r(a) of a 1-form a vs. the space r( • ) of sections of 
a bundle vs. the ^ Christoffel symbols'' F*-^. 

• ^Connection' u and ^curvature' vs. ^Kdhler/symplectic structure' uj and ^holomorphic 
n-form' Q. The latter vs. the space n''{N) of 'k-forms' on a manifold A^. 

^Cf. [L-Y2: footnote 2] (D(7)): Apology. 
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• ^Distribution' in the sense of generalized functions vs. ^distribution' in the sense of a sub- 
bundle of a tangent bundle or its restriction to a submanifold. 

• The various constants C, D, ■ ■ ■ that appear in an estimate are unspecified constants that, 
in general, may of different values at difference places. 

• The various built-in projection maps of bundles to their base are denoted by tt. 

• The Laplacian A and its eigenvalues Xk for a Riemannian manifold (M, g). When dM ^ 0, 
this is referred to the related Dirichlet problem with vanishing boundary value. 

• Notations related to the various constructions follow their counterpart in [Jo3: III and IV] 
as much as we can. Proofs that follow essentially the same argument as in their counterpart 
in ibidem will be either omitted or given only a sketch for spelling out the modified part. 

• A partial review of D-branes and Azumaya noncommutative geometry is given in [L-Yl] 
(D(6)). The current work addresses [L-Y2: Sec. 2.3, Question 2.3.9] (D(7)). 



Outline. 

0. Introduction. 

1. Joyce's Existence Theorem on immersed special Lagrangian submanifolds. 

2. Basic Riemannian, complex, and symplectic ingredients. 

2.1 A lower bound of the first eigenvalue of the Laplacian on a Riemannian manifold with tame 
curvature singularity. 

2.2 A class of embedded special Lagrangian submanifolds in the flat Calabi-Yau 3-fold 

2.3 Lagrangian Neighborhood Theorems. 

2.4 Admissible Lagrangian neighborhoods for L''" in Y' under and their geometry under 
partial scaling. 

3. Immersed Lagrangian deformations of a simple normalized branched covering of a special La- 
grangian 3-sphere in a Calabi-Yau 3-fold and their deviation from Joyce's criteria. 

3.1 Immersed Lagrangian deformations of a branched covering of a special Lagrangian 3-sphere 
in a Calabi-Yau 3-fold. 

3.2 Estimating 7mf2*|jv*- 

3.3 Lagrangian neighborhoods and bounds on R{g*), S{g*). 

3.4 Sobolev immersion inequalities on N*. 

4. Summary and remark: Input from the topology of X and the branching of /. 
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1 Joyce's Existence Theorem on immersed special Lagrangian 
submanifolds . 



For the basic definitions, notations, and terminology to be used in this work, we recall Joyce's 
Existence Theorem on deforming an immersed almost special Lagrangian submanifold to an 
immersed special Lagrangian submanifold, ([Jo3: IIL Sec. 5.1 and Sec. 5.2] jl with only mild 
adaptation from the general almost Calabi-Yau case to the Calabi-Yau case and mild change of 
notations for consistency with later part of the work. 

Let (A^, g) be a Riemannian manifold, with injective radius 6{g) and volume form dVg. Denote 
the various Banach spaces of functions on as follows: 

• C^iN), k > 0: the Banach space of continuous bounded functions on N that have k 
continuous bounded derivatives; \\f\\ck := T,'j=o^^PN \^^f\- C'^iN) := nfc>o C'iN). 

■ C'^'", /c > 0, a G (0, 1) : the Holder space of elements / G C^{N) for which |V^/|q, := 

■ L'^{N), q > 1: the Lebesque space of locally integrable functions f on N for which the 
norm := (/^l/IW^)'/^ is finite. 

■ L'i{N), q > I, k > 0: the Sobolev space of elements / € L'^{N) such that f is k times 



weakly differentiate and |VV| G L'^iN) for j<k; H/H^. := (E.Io/tv f\' 



1/9 



Theorem 1.1. [Sobolev embedding]. ([Au: Theorem 2.30], [Jo3: IIL Theorem 5.1].) Suppose 
{N,g) is a compact Riemannian n-manifold, k >l > are integers, a G (0, 1), and q, r >1. If 
I < 7 + then L1^(N) is continuously embedded in L^{N) by inclusion. If ^ < then 
L'^^{N) is continuously embedded in C^''^{N) by inclusion. 

Definition 1.2. [basic setup]. ([Jo3: III. Definition 5.2].) Let (M, J,tj,$7) be a Calabi-Yau 
m-fold with metric gM- Let A^ be a compact, oriented, immersed, Lagrangian m-submanifold 
in M, with immersion i : N ^ M, so that l*u; = 0. Define g := i*gM, so that {N,g) is a 
Riemannian manifold. 

(1) Phase function e*^. Let dV := dVg be the volume form on A^ induced by the metric g 
and orientation. Then = 1, calculating | • | using g on A^. Therefore, we may write 

L*n = e^^dV on A^ , 

for some phase function e'^ on A^. Suppose that cos > ^ on A^. Then we can choose 9 to 
be a smooth function 9 : N ^ (-|, f ). Suppose that [L*{Imn)] = in H''^{N;R). Then 
sm9dV = 0. 

(2) Vector space W . Let W C C°°{N) be a given a finite-dimensional vector space with 
1 G W . Define ttw ■ L'^{N) — )• be the projection onto W using the L^-inner product. 

(3) Neighborhood Br of the zero- section in T*N . For r > 0, define Br C T*N to be the 
bundle of 1-forms a on A'^ with |a| < r. ;Sr is a noncompact 2m- manifold with natural 
projection n : Br ^ N , whose fiber at x G A^ is the ball of radius r about in T*N. We 
identify A'^ also with the zero-section of Br and write N G Br- 



^While it is theorems in the embedded case that are stated in Joyce's work, they generalize immediately to 
the immersed case. 
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(4) Geometry on Br- At each y G with 7r(y) = x G N, the Levi-Civita connection V of g 
on T*N defines a splitting TyBr = Hy®Vy into horizontal and vertical subspaces Hy, Vy , 
with Hy ^ T^N and Vy ~ T*N. Let Cj = Ucan for the canonical symplectic structure on 
Br C T*N, defined using TBr = H (BV and ~ y*. Define a natural Riemannian metric 
g on Br such that the subbundles H, V are orthogonal, and g\H = T^*{g) , g\v = T^*{g~^) ■ 

Let V be the connection on T^,Br ~ H®V given by the lift of the Levi-Civita connection 
V of 5( on in the horizontal directions and by partial differentiation in the vertical 
directions V , which is well-defined as T^,Br is naturally trivial along each fiberU Then V 
preserves g, oj, and the splitting T^Br = H V . It is not torsion-free in general, but has 
torsion T(V) depending linearly on the Riemann curvature R{g). 

For convenience and with a slight abuse of terminology, we will call V the pull-hack 
connection in the bundle T^,Br (or T^{T*N)) of the Levi-Civita connection V in T^,N via 
T^:Br^ N. (Cf. Sec. 2.4.) 

(5) Br as immersed Lagrangian neighborhood and m-form (3 on Br Since i is an immersed 
Lagrangian submanifold, it follows from the Immersed Lagrangian Neighborhood Theorem 
that for some small r > 0, there exists an immersion ^ : Br ^ M such that ^*uj = Cj and 
^'Itv = • Define an m-form /3 on Br by /3 = ^*{ImVL) . 

(6) Graph of 1-forms. If a G C°^{T*N) with \a\ < r, write r(a) for the graph of a in Br- 
Then <I>=k : T{a) — )■ M is a compact immersed submanifold in M homotopic to t o 7r|p(Q,). 

Theorem 1.3. [Joyce: from almost sL to sL]. ([Jo3: III. Theorem 5.31.) With the above 
notations with m > 3, let k > 1 and Ai, A2, A4, A^, Aq, Aj, Ag be real^ Then there exist 
€, K > depending only on n, Ai, ■ ■ ■ , Ag and m such that the following holds: 
Suppose < t < e and Definition 0-2 holds with r = Ait, and 

(i) ||sme||i2™/(™+2) < A2t'^+'^l'^ , llsin^lbo < A2t'^-^ , ||d(sin 0)11^2™ < yls 
and ||7rvF(sin^)||ii < ^2*''+™"^. 

(iii) ||V^/3||co < Ait-^ fork = 0, 1, 2, and 3. 

(iv) The injective radius 6{g) satisfies \\6{g)\\ > A^jt. 

(v) The Riemann curvature R{g) satisfies \\R{g)\\(jo < A^t''^ . 

(vi) If ve Ll{N) with -Kwiv) =0, then v G L'^^/{-^~^) [N) by Theorem 0-1, and 

\\v\\i^2m/{m-2) < Aj \\dv\\l2 - 

(vii) For all w S W, we have \\d*dw\\j^27n/(7n+2) < N'W^IIl^ • 

For allwGW with w dV = , we have \\w\\co < A^t^'"^/"^ \\dw\\]^2 . 

Here norms are computed using the metric g on N in (i), (v), (vi) and (vii), and the metric g on 
BAit in (iii). Then there exists f G C°°(A) with f^fdV = such that \\df\\co < Kf^ < Ait 
and : N := T{df) M is an immersed special Lagrangian m-manifold in {M, J,uj,Q,)- 

See [Jo3: IV, last paragraph of Sec. 5.1] for the reasons behind the design of the theorem. 



^Recall the projection map n : Br ^ N. The Levi-Civita V on T*N induces a bundle inclusion 7r*(T,7V) >■ 
TtBr with image H. The pull-back partial connection on 7r*(r*A'^) gives then a partial connection Vh on H 
along the horizontal distribution on Br associated to V. V — Kerlji^ : T,Br — > Ti,N) with a built-in flat partial 
connection Vv along fibers of tt. As smooth vector bundles, T^B,, = H (BV and the direct sum V h ® Vv of 
partial connections on the direct summands gives the connection V on T,Bt- 

''For an almost Calabi-Yau m-fold (M, J, cj, Q.), iI^'^'^uj"' /m\ = (_i)'"(™-i)/2 (j/2)'" f^A^ for a unique smooth 
function tp : AI ^ (0,oo). In our case, "i/) = 1, A3 = 1, and Condition (ii) of [Jo3: III Theorem 5.3], which states 
that ip > A3 on N, holds automatically. As this work is based upon Joyce's work, we maintain the original 
notation and labelling of conditions in Joyce's Theorem. 
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2 Basic Riemannian, complex, and symplectic ingredients. 



Preliminary ingredients that are needed to apply Joyce's Theorem in our situation are collected 
in this section. They follow from standard techniques in Riemannian, complex, and symplectic 
geometry. 



2.1 A lower bound of the first eigenvalue of the Laplacian on a Riemannian 
manifold with tame curvature singuletrity. 

Definition 2.1.1. [Riemannian metric with tame curvature singularity]. Given a closed 
smooth manifold X, let g' be a Riemannian metric defined on a dense open submanifold X' of 

X with the property that 

(1) g' does not extend to a Riemannian metric on X, 

(2) there exist a Riemannian metric g on X and a constant c > 1 such that 

\g < g' < c'g on X'. 

Let Z := X — X' . We say that g' is a Riemannian metric on X with tame curvature singularity 
supported on Z. In other words, while g' doesn't extend to X, it admits a quasi-conformal 

deformation with uniformly bounded dilatation that extends to a Riemannian metric on X. We 
call {X,g') a closed Riemannian manifold with tame curvature singularity. 

The following lemma is the counterpart of [Jo3: I. Theorem 2.17] in our situation. 

Lemma 2.1.2. [lower bound for first eigenvalue Ai of Laplacian] . Let {X,g') be a (con- 
nected) closed Riemannian m-manifold with tame curvature singularity and X' be a (connected) 
dense open submanifold of X on which g' is defined and that there exists an exhausting sequence 

X[ C X2 C C X' of (connected) embedded compact submanifolds-with-smooth-boundary 

of dimension m with Ui^i -^i — ■ Then there exists a constant C > such that whenever 
u G C^g{X') with J^, udVgi = 0, one has 

\\u\\l2 < C\\du\\L2 < C^||An||£,2. 

Proof. Let g he a Riemannian metric on X such that ^ g < g' < c^ g on X' for some c > 1. 
Then it follows from the Minimax Principle for the eigenvalues of Laplacians that 

for all fc > 1 and i > 1. This gives in particular a positive uniform lower bound Ai 
for all the first eigenvalues A^ of the Laplacians on {X'-,g'). Since C^g{X') = [J'^i C^g{X'-), 

as done in [Jo3: I. Proof of Theorem 2.17, last two paragraphs], taking the set of normalized 
eigenfunctions of the Laplacian A(^x'.,g') ^ orthonormal basis in the Hilbert space Vi from 

completing |u G C^g{X'-°) : J-^, n = o| in the L^-norm gives then the inequalities in Lemma 
with C = (^'^^ j y^-l'^x g) ■ "^^^ completes the proof. 

□ 
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Example 2.1.3. [branched covering of S^]. Let (S'^,(7o) be a Riemannian 3-sphere and 
/ : X — 7- S''^ be a (connected smooth) branched covering of of finite degree. Assume that the 
branch locus F C S"^ is a smooth link in and so is the branch locus F := /^^(F) in X, and 
that F ~ F under /. 

(a) Claim. {X,f*go) is a Riemannian manifold with tame curvature singularity supported on F. 

Proof. Since any two Riemannian metrics on a closed smooth manifold are quasi-conformal with 
uniformly bounded dilation, without loss of generality and through a partition of unity we may 
assume that the metric go on has the additional property that there exists a tubular neigh- 
borhood N^{T) ofTcS^ such that 3o|7Ve(r) is isometric to a finite disjoint union 'ili^Hoir;Z)l!Li 
of the solid torus x with the flat product metric. Here, D"^ is a closed disk at 

the origin of radius e in the standard flat M?. Each connected component iVj, i G Hq(T;Z), of 
f~^{Nf.(r)) is diffeomorphic to a solid torus x as well. With an appropriate choice of 
local coordinates on Ni — F, we may assume that 

f : N,-r ^ N, 

(r, 0, 0) ^ (r, I, 9) = (r, mi<l>, 9) , 

where mj > 2 is the branching index of / along F n Nf, {r,(f)), {r,(l)) are the polar coordinates 
of (the fiat) D"^, respectively; and 9 G M/27r c± S^. In terms of this, S'oItv. is given by 

dsl = dr^ + r^d^ + ^d9^ , where k is the length of FfliVj in {S^,go), and {f*go)\Ni-r is 
given by 

ds'^ = dr"^ + rr?yd(t)'^ + -^(19"^ = {drf + {mird4>f + [l^dQ) =■ + + ■ 

Let hi : (0, e) — >■ M"*" be an increasing smooth function with /i|(o, e/3) the constant l/mj and 
^l(2e/3,e) t^L^ coustant 1. This defines a smooth function, still denoted by hi, on Ni — T by 
identifying (0, e) as the r-coordinate. Let g' := f*go on X' := X — T and g be the metric on X' 
defined by 

r </ on X' - N,{T) , 

ds = < „ 

[ w2 + . ^^)2 ^ ^2 on Ni-r, ie HoiT; Z) . 

Let c := maxjjmj}. Then, by construction, -i^g < g < g' < (?g on X' . Furthermore, g on X' 
extends to a Riemannian metric on X without singularity. This proves the claim. 

□ 

(6) Define X',j := {p ^ X' : distance gi{x,T) > + jo)}, j G N. For jo G N large enough, 

X[ c X2 G are connected compact 3-manifolds-with-smooth-boundary that exhaust X' : 

\Jj Xj = X'. It follows thus from Claim in Part (a) and Lemma 2.1.2 that: 

• There exists a constant C > such that whenever u G C'^g{X') with J^, udVgi = 0, 
one has \\u\\i,i < C||cZ'u||^2 < ||Au||x,2 . 



2.2 A class of embedded special Lagrangian submanifolds in the flat Calabi- 
Yau 3-fold M2 X 51 X E^. 

Let Y' := x x be the flat Calabi-Yau 3-fold with 

• the real coordinates {ui,U2,U2,vi,V2,V3), where ui,U2,vi,V2,V2 G M and ^3 G M//), 
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• the complex structure J' specified by the complex coordinates (zi,2;2,Z3) with 

Zi= Ui+ ^/^Vl, Z2 = U2 + ^/^V2, and Z3 =U3 + ^/-iV3, 

■ the Kahler form oj' = ^^^^{dzi A dzi + dz2 A dz2 + dz^ A dz^), which specifies the Kahler 
metric g' = \dzi\'^ + |dz2p + jdzsp, and 

• the holomorphic 3- form 17' = dzi A dz2 A dz^, which gives the calibration ReQ' . 
We'll denote {Y' , J' ,u' also collectively by Y'. 

A class of embedded special Lagrangian submanifolds of Y' via rolling isotropic 
submanifolds . 

As Calabi-Yau manifolds, Y' is isomorphic to the product Y" x Y'" := M.^ x {S^ x M) of a 
Calabi-Yau 2-fold and a Calabi-Yau 1-fold, where is the (ui, n2, wi, t'2)-coordinate subspace 
and S X is the (u3, f3)-coordinate subspace, with the induced Calabi-Yau manifold struc- 
tures {J" ,uj" ,0,") and {J'" ,uj"' ,^}"') respectively. Note that Y" is hyperKahler. Thus, special 
Lagrangian submanifolds in Y" can be obtained by introducing a new complex structure J" on 
Y" - with the associated complex coordinates given by (zi, Z2) = {ui + \/—lu2, vi — V—IV2) 
- via a hyperKahler rotation and taking smooth holomorphic curves C in Y" := {Y",J"). 
Such C"s are isotropic submanifolds in Y" x Y'" (with the original complex structure (J", J'"))- 
C X X {a}, for a € M, give then a class of embedded special Lagrangian submanifolds in 
Y" X Y'" and, hence, in Y' . 

Remark 2.2.1. [basic expression under hyperKahler rotation]. For later use, note that in terms 
of the hyperKahler rotated complex coordinates {zi,Z2) on M^, 

-^^^(dzi A dzi + dz2 A dz2) = ^{dzi A dz2 + dzi A dz2) = Re {dzi A dz2) , 

dzi A dz2 = ^^^{dzi A dzi + dz2 A dz2) — ^{dzi A dz2 — dzi A dz2) 
= —^Im{dzi A dzi + dz2 A dz2) — \/—\Im {dzi A dz2) ■ 



Deformations of a branched covering of the special Lagrangian x 5^ x {0} to 
embedded special Lagrangian submanifolds of Y' . 

Consider the embedded special Lagrangian submanifold L' := M."^ x x {0}, where € is 
the origin, of Y' . In terms of the C-M- valued coordinates (zi, U3, ^2, 1^3) on Y' (and hence on L' 
as well), let 

: L ~ M2 X 5^ — > Y' 

(xi,X2,X3) I > ((Xi + ^/^X2)"' , 3:3, 0, 0) 

be a branched covering of L' of degree m > 2 with branch locus T = {(0,0)} x C L and 
r' = {0} X S"^ X {(0,0)} C L' respectively. This is an immersion in codimension 1 (cf. [L-Y6: 
Definition 2.3.8] (D(7))). It can be deformed to smooth special Lagrangian embeddings bjH 

V^'^ : L ~ R2 X 51 — > Y' 

(X1,X2,X3) ^ ((xi + \/^X2)'", X3, aV-(xi+^X2), 0) , 

^i/>" can be defined alternatively by {xi, X2, X3) — >■ ( a^"'^'''" (a;i + \^—lx2)"^ , X3, {xi + \^~lx2), ). This has 
the same image special Lagrangian submanifold L''" but now with _Di/j"(0, 0, 3:3) independent of a. While even 
the C°-convergence of the alternative tli" to ip fails for ip"' thus alternatively defined, — >■ 1/), as a — > 0, remains 
to hold in the sense of currents. 
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for a > 0. ij;'^ embeds L into Y' as the smooth embedded special Lagrangian submanifold 

L''" := {ah - = 0, = 0} C Y . 

Then as a — )• 0, '0" is C°°-convergent to ij) =: ip^ on any compact subset L. One can also 
interpret this convergence in the sense of currents on Y' . (In notation, L'''^ — t- niL' as a — t- 0.) 

Let L''* := L' D {zi / 0}, L''"'* := L''" n {zi / 0} for a > 0, := {(.xi,.T2) / (0,0)} (~ 
(R2 - {(0,0)}) X 5I) C L, and Y''^ := {zi / 0} (~ (M^ _ {(0,0)}) x 5^ x M^) c F' with the 
induced Calabi-Yau structure still denoted by {J',ui',^'). Then L''"'* is an open dense subset 
of L''" that can be expressed via the graph of an exact 1-form on as follows. First, observe 
that since u' = dui A dvi + du2 A dv2 + dus A dvs, the map 

. J-* — y y,o 

where {ui,U2,U3,pu^,pu.^,pu,^) corresponds to p^dui + Pu2du2 + Pu-^du^ G ^(«i,«2,«3)-^''*' ^ 
symplectomorphism with ^'■*uj' = u^'^aji- Prccomposing with the symplectic covering map 
f\ : T*Lf — )• T*L''^ that is canonically induced by the covering map f : ^ L''^, one obtains 
a covering map 

$ := $'0/, : r*L* — > y''* 

(xi , a;2 , X3 , p^, , , pajg) 

^ ((.X-l + V^X2r' , Xs , ^ (p., - V^PxJ (Xl + V^X2)'-"' , 

of degree m such that $*a;' = Wcan- By construction, L''"'* lifts under $ to a smooth section L''°'* 
of r*L* over that is Lagrangian with respect to LUcan = dxi A dpx^ + dx2 A dpx2 + (^a^s A (ipa^g. 
Explicitly, 

$-i(L''"'^) = {(Pxi- V^fe) - ma^/™(xi + ^^X2)™e2'^^*^/"* = 0, 

Pa;3 = : A; = 0, • • • , m - l| 

In the following, we choose L''"'* that corresponds to the component with k = 0. 

Lemma 2.2.2. [L''*^'* via exact 1-form on L]. L''"'* extends to a smooth section ofT*L that 
corresponds to the exact 1-form dh" with h°- := a^"^ Re ((xi + ^^3:2)'"+^) € C~(L). 

Proof. Since L''"'* is a smooth section of r*L* that is Lagrangian with respect to uJcan: L''"'* 
is the graph of a closed 1-form a on L*. To see that a. is exact, one only needs to show that 
a = for any (smooth) closed loop 7 in L*. Since Hi{L'^;Z) = Z[y(^xi,x2)] ® ^[7^:3]' where 
'y{xi,x2) is the (oriented) loop {xf + X2 = e^,X3 = 0} for a small e > and 73,3 is the (oriented) 
loop {xi = e,X2 = 0} in L*, and / = due to the fact that L''"'* lies in {p^^ = 0}, 
we only need to check that f a = 0. The latter follows immediately from the fact that, 

•'l{xi,X2) 

from the explicit equations for L''"'* , L''"'* extends in T*L to an embedded smooth Lagrangian 
submanifold that is realizable as a smooth section of T*L and that [7(a;i,i;2)] = in Hi{L;Z). 
Explicitly, let 

Acan = Pxidxi + Px2dX2 + Px3dx3 = Re {{p^^ - V^Px2)idxi + V^dx2)) + Pxadxs 
be the canonical 1-form on T*L and tt : T*L — >■ L be the projection map. Then 

a = ■K*{Xcan\L',o.,o) = (m a^^"^ {xi + y/^X2)"^ {dxi + ^/^dx2j^ 



= Re 



m 
m + 



-aV"^d((xi + v^X2)"'+^)^ . 
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This proves the lemma. 



□ 



Notation 2.2.3. [partial scaling on y']. The partial scaling U3, i2, 1^3) := {tzi,U3,tz2,V3) 
on Y' for t > sends L''" to t ■ L''" := L''"*"" . For convenience, we denote tp"'^™ also by t ■ V'"- 
In particular, given a > 0, then t • ■i/'" —>■)/; in the C°°-topology when i — >■ 0. 



2.3 Lagrangian Neighborhood Theorems. 

Recall first the following two Lagrangian Neighborhood Theorems: 

Theorem 2.3.1. [immersed Lagrangian submanifold] . Let {M,uj) be a symplectic man- 
ifold and f : N —¥ M be a compact immersed Lagrangian submanifold. Then there exist a 
neighborhood U G T*N of the zero-section and an immersion $ : Un — >■ M such that = f 
and $*a; = cocan, where cocan is the canonical symplectic form on T*N. 

Theorem 2.3.2. [Lagrangian foliation]. ([Jo3: I, Theorem 4.2] and [We: Theorem 7.1].) 

Let (M, w) be 2m-dim,ensional symplectic manifold and N C M an embedded m- dimensional 
submanifold. Suppose {L^ : x € N} is a smooth family of embedded, noncompact Lagrangian 
submanifolds in M parameterized by x E N such that for each x E N we have x G L^ and 
TxLx n TxN = {0}. Then there exist an open neighborhood U of the zero-section N in T*N 
such that the fibers of the natural projection it : U ^ N are connected, and a unique embedding 
^ : U ^ M with ^(7r~^(x)) C L^ for each x £ N, $|jv = idN : N -)■ N and = 
i^can + 7r*(a;|Ar) , where LOcan is the canonical symplectic structure on T*N. 

The first theorem follows from essentially the same proof as that for the embedded Lagrangian 
case ([McD-S] and [We]) and the second is stated in [JoS: I, Theorem 4.2] as a variation of [We: 
Theorem 7.1]. 

Lagrangian Neighborhood Theorem for an embedded Lagrangian submanifold 
with a transverse Lagrangian distribution. 

The following variation of Lagrangian Neighborhood Theorems is also needed in this work: 

Theorem 2.3.3. [Lagrangian submanifold with transverse Lagrangian distribution]. 

Let (M, id) be a 2m- dimensional symplectic manifold, N d M be a compact embedded Lagrangian 
submanifold, and Fjv C (T*M)|jv be a distribution of tangent m-planes in M along N such that 
Tx '■= r^vU is a Lagrangian subspace in (TxM, ojx) and that TxDTxD = {0} for all x £ D. Then 
there exist an open neighborhood U C T*N of the zero-section and an embedding ^ : U ^ M 
such that $|jv = id^ ■ N N , = to can , where ujcan is the canonical symplectic form on 
T*N, and ^4To{T*N)) = for all xeN. 

Proof, (o) Reformulation of the problem. Since the problem concerns only a neighborhood of 

N in M, by Theorem 2.3.1 one may assume that (AI,Ljj) = {T*N,uJcan) with N the zero-section. 
The fact that F^r is transverse to N implies that Fjv defines a bundle map T*N — t- T^..N and, 
hence, a bilinear map ( • , • )Yff '■ T*N © r*A'^ — )• M. The Lagrangian property of Fjv implies that 
( • , ■ )i-^ is a symmetric bilinear functional on T*N. 

(6) Realization 0/ ( • , • )r;v ^ restriction of Hessian. Recall that a smooth function 
f :T*N such that (d/)|iv = defines a symmetric bilinear functional Hessf on {T^{T*N))\n 
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by setting Hessf{v,w) = v{wf) , where v,w € Tx{T*N) for some x E N and w is an extension 
of ti; to a smooth vector field in a neighborhood of x in T*N. Hessf is independent of the 
extension w of w and, hence, weU-defined. It is cahed the Hessian of f at the critical manifold 
N of f. Since T*N is canonically embedded in (r*(r*iV))|iv as vector bundles over N, Hessf 
defines further a symmetric bilinear functional Hessj~ on T*N by its restriction to T*N . 

Claim. There exists a smooth function f : T*N — >■ M that is supported in a compact neighborhood 
U' of the zero-section such that both /|iv and {df)\N vanish and Hessj~ = (•, ■)tn- '^^'^ 
chosen to be arbitrarily small. 

Proof of Claim. Let tt : T*N N he the built-in map. Then a local chart V (with coor- 
dinates q := ((/I, • • • , Qm)) on N induces a local chart '7t^^{V) on T*N (with induced canon- 
ical coordinates (q, p) := {qi, ••• , Qm-iPi-, , Pm)- Let Ty '■= Fn\v- Then the symmet- 
ric bilinear functional ( • , • )r^ on T*V can be expressed as a q-dependent quadratic form 
9V ■= \ Yli<i,j<m. 0'ij{^)PiPj^ where aij{q) = aji{q) for all i, j, in p. As a function on 7r~^(F), 
gv satisfies the property that both gv\v a-nd {dgv)\v vanish and that Hess^ = ( • , • )r^. Ob- 
serve now the following property, which can be checked straightforwardly: 

• For convenience, call a function g : ir~^(V) — t- M admissible if g satisfies the condition that 
both g\v and {dg)\v vanish and that Hess^ = (•, ■)tv Then, i/^i, 32 are admissible 
functions on T*V and hi, ^2 are positive functions on V , then higi + h2g2 is an admissible 
function onT*V. 

Let be a partition of unity on N subordinate to a locally finite covering {Vi}i of and 

gVi be an admissible function on T*Vi, whose existence is demonstrated by the explicit example. 
Then it follows from the observation above that g := Mi^Vj is an admissible function on T*N. 
Finally, introduce a cutoff function x '■ T*N -> [0, 1] that is supported on an arbitrarily small 
neighborhood of the zero-section. Then / := X9 satisfies all the required properties in the Claim. 

□ 

(c) $ from, time-1 map of Hamiltonian fl,ow. Let / : T*A — t- M be a smooth function on 
T*N as constructed in Part (b), be the Hamiltonian vector field on T*N associated to / 
(i.e. i{Xf)ujcan = df) and $ := $1 : T*N T*N be the time-1 map of the Hamiltonian flow 
f G M, on T*N associated to / (i.e. = XfO^^). By construction, $ is a symplectomorphism 
on T*N that leaves N fixed. Recall the proof of Claim in Part (b) and the notations and 
terminology therein. Then, since / is admissible, 

l<i j<m 

and 

m / m \ d 

XfL-Hv) = Yl 1 1] ('iM)Pjj ^ + o(|Pl)- 

Let X € V, Vx he a, neighborhood of x in ■k~^{V). Assume that is small enough and let 
^'1 14 ■ ^ ~^ "^'^i^) be the time-1 map of the flow generated by J2iLiiJ2jLi aij{q)pj) . 
Then, from the above approximation of Xf\^-i(^y^, 

$,(ro(r;A)) = ^[y^^UT^Tr-^v))) = r,. 

Take now U = ([/'). Then $ : [/ ^ M gives a neighborhood of A in M as required. This 
completes the proof of the theorem. 

□ 
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2.4 Admissible Lagrangian neighborhoods for L''" in Y' under ^" and their 
geometry under pcO-tial scahng. 

Recall the flat Calabi-Yau 3-fold Y' = (M^ x x , J' ,uj' ,n') with the real (resp. complex, 
hyperKahlcr-rotated) coordinates (ni, ti2, tis, vi, f2, "Vs) (resp. (zi, Z2,Z3) = {ui + y/—lvi,U2 + 
V-^V2,U3 + V-^vs) , {zi,U3,Z2,V3) = {ui + y/^U2,U3,vi - \'^V2,vs)) and the embedded 
smooth special Lagrangian submanifolds L' = M?xS^x{0} and L''" = {azi—z^^ = 0, fs = 0} , 
for a > 0, in Y' in Sec. 2.2. Under the real coordinates, {Y' .uj') is identified with (T* L' ,LjJcan) 
under the map {ui,U2,U3,vi,V2,V3) = {ui,U2,U3,pui,Pu2iPu3)- Recall also the embedded special 
Lagrangian map tp^ : L ^ Y' , {xi,X2,xs) i— )■ ((xi + ^/—lx2)"\ x^, a-^/™ (xi + ^/—lx2), 0), 
with image L''", h"' G C°°{L) in Lemma 2.2.2, and the partial scaling on Y' , {z\,uz,Z2-,vz) ^ 
{tzi,U3,tz2,V3), for t > in Notation 2.2.3. 

Proposition 2.4.1. [admissible Lagrangian neighborhood: existence]. Given Rq > 0, 
there exist a neighborhood Uf^ of the zero-section ofT*L and a symplectic embedding : C/£ — >■ 
Y' whose restriction to the zero-section is ip^ such that 

and $2 equivariant with respect to the translations along the -direction under U3 = X3. 
Here, tt :[/£—>■ L is the restriction of the projection map tt : T*L — >■ L. 

Proof. The decomposition-by-Lagrangian-subbundles T^Y'\Li,a = T^L''"- © J ■ r*L''" and the fact 
that T^:L''°' is a trivial bundle imply that a Lagrangian distribution along and transverse to L''" 
in Y' is the same as a section of the trivial bundle Mor^y^{J ■ T^L''"', T^L''"') of linear maps from 
J ■ TpL''"' to TpL''"-, p G L''", that are represented by symmetric matrices under the canonical 
isomorphism T*L''" ^ J ■ T^L''"- by J and a fixed trivialization of J • T^L''" ~ L'-" x R^. Under 
the identification T*L' ~ Y' , the fibers of (T*L')|||^^|>j:j/j give a transverse Lagrangian foliation 
along L''"'* and, hence, a smooth map L''" H {\zi\ > -Rg} — s- M^. It can always be extended to a 
smooth map L''" — )• and, hence, a transverse Lagrangian distribution along L''". The linear 
structure on Y' turns further a transverse Lagrangian distribution along L''" into a transverse 
Lagrangian foliation in a neighborhood of L''"' in Y' . 

In our situation, all these constructions can be made invariant under the S'^-translations on 
Y' in the us-coordinate. The proposition now follows from the proof of Theorem 2.3.2. 

□ 

Definition 2.4.2. [admissible Lagrangian neighborhood for L'" under ip"']. A La- 
grangian neighborhood : i7£ — > y' for L''" as in Proposition 2.4.1 for some i?Q > is 
called an admissible Lagrangian neighborhood for L''" under ip"'. 

Notation 2.4.3. [partial scaling]. Recall the map t ■ ip°' := ■0"*'" ^ from Notation 2.2.3. We 
now extend this to denote 

t-^l ■- $2'* : C^L* — > Y' 

{xi,X2,X3,Pa;i,Px2,Px^) I > t- ^l{f~^/'^ ■ {xi,X2,X3,p^^,p^2,Pxs)) 

for a given admissible Lagrangian neighborhood $2 : ^ ^ for L''" under tp^. Here, t~^/'^- 
is the partial scaling on r*L, defined by 

{xi,X2,X3,Px^,Px2,p^,^) I > (t"^/"'xi,t~^/™X2,X3,t"^/™Px-i,i~^^™Pz2,Px3) , 

and f/^'* = t^/™ • UI C (r*L, A dp^c^ + dx2 A dp^^) + dx3 A dp^^s)- By construction, 

t ■ ^1 is a symplectic embedding that gives an admissible Lagrangian neighborhood for t ■ L''" 
under t-ip"'. It has the image t ■ Im'^l- 
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Proposition 2.4.4. [radius of fibers of U'^ /L\. Let g""'^ := {t-'ip"')*g' be the pull-back metric 
on L, < t < 1, and \ • \ga,t be the norm, on fibers of T*L via, (5"'*)^^ with respect to the dual 
basis. Note that for A'^ > small enough, Uf^ contains the neighborhood {a G T*L : \a.\ga < 
of the zero-section in T*L, where g"" := 5"'^. Then, U^'^ contains the neighborhood {a G T*L : 



\Ol\r,a,t 



< A'lt} of the zero-section in T*L. 



Proof. Note that U2'^ = t^/"^ ■ as submanifolds in T*L and that 5"'* > t'^g"- ■ {t'^/""- )* since 
t ■ tp'^ = t ■ {t~^/'^- )) and the scahng is only partial. The proposition follows. 

□ 

Continuing the situation in Proposition 2.4.4. Recall from Definition 1.2 the pull-back con- 
nection V"'* on ?7^'* that is constructed solely by 51"'*. 

Proposition 2.4.5. [compatibility of pull-back connection under partial scaling]. The 

partial scaling t^l'"'- on T* L takes {Ul,V'') to (C/^'*, V'^''*), where V" := V"'^ 

Proof. Consider the associated horizontal distribution V''"'* of V"^'* on the fibered (codimension- 
0) submanifold C/^,,„tm-i := $2'*(f^L*) <^ ^' ^nd set V'-" := V''"'^ Then, the proposition is 
equivalent to the statement that the partial scaling t- on L' takes (C/l',o, V''") to {U^i^at^-i , V''"'*). 
Which follows by construction. 

□ 



Continuing the discussion. Recall the standard holomorphic 3-form fi' on Y' and let := 
)*(/mO')- 

Proposition 2.4.6. [bound for ||(vM^fe«a,t 



there exists a constant A'^ > such that ||(V"'*)'';5'''*||co < ^4*"'' for k = 0,l, 2, 3. 



Proof. Let g' 



be the metric on L''"*" 

a,t 



^«'*||^o, k = 0,l, 2, 3]. Assume that t £ (0, 1]. Then 
induced by g' on Y' and /5''"'* := {ImQ,')\u . As 

J I .at 



51"'* on L and V"'*,/?"^'* on C/^' come from the pull-back of g' 



l,a,t 



-a,t 



V''^'*, and Z?'-"^'* via $^ , 
will directly prove the corresponding inequalities on the y'-side in three steps. 

Let zi = rie^^~^^i and Z2 = ^26^ 



we 



-102 



(a) An explicit expression for V''"'* in T*(T*L''"'*). 
Then 

L''«'^ = {(ri,^i,n3,r2,0"2,O) : r2 = a^^^f}/"* J2 = ^"i/m, fi > 0} 

and {fi,Oi,u^) G M+ x (M/(27rm)) x (M//) serves as a global coordinate chart on L'-"'*. Let 
, U3, Sf-^ , Sq^, Su^) be the induced coordinates on r*L''"'* through the trivialization of T^L''"'* 

by the coordinate frame {df^,d^^,dug) on L''"'* and {ri,0i,U3,pf^,p^^,Pu^) be the induced coor- 
dinates on T*L''"'* through the trivialization of r*L''"'* by the dual coframe {dfi,d9i,dus) on 
L''"'^. In terms of these coordinates, 



J.a.o 



g |l'.o.< 



^ -I- du^ 



= (1 + m-2a2/-r^(^-"^)/"^) drf + fj (l + m-^a^Z-ff '""^^Z"^) dOj 
=: A{ri) drl + B{ri) dOf + du^ . 
This is a product of a 2-dimensional conformally flat metric with a circle. The Lcvi-Civita 



connection V''"'^ from g' 
kernel of the following M' 



',a,o (defines a horizontal distribution *H''"''^ 

r/,a,o. 



in r*L''"'*, given by the 



valued 1-form 


/ dprj^ \ 








\ dPu3 J 





ri 



\ 



\ / \ 



0/ 



\ Pus J 



12 



and a horizontal distribution ^H''"-'^ in T*L''"'*, given by the kernel of the following R^-valued 
1-form on r*L''«'*: 



/ dsf^ 


\ 






01 


o\ 


^ Sri 


\ 






+ 


< 







% 












01 








J 




\ 





0/ 




/ 



Here, the 1-forms a;* on L''"'* are given by 

V''"'^a,, = ivlldr, +4W and 

explicitly, 







+ r^dei = 

0iri 






n 








-^^^B{h)d9, 




ri9i 






-'^^B{h)dk 


01 


ri0i 


+ 4ieidei = 




-'4lB{h)dh 



The coordinate frame {df^,dg^,du3,dp.^,dpg j^Pug) on r*L''"'* specifies a trivialization of the 
bundle r*(r*L''"'*) over r*L''"'* and hence coordinates 

thereupon. In terms of this, the horizontal distribution in T* (r*L''"'*) that defines the connection 
V',a>o is given by the kernel of the following R^-valued 1-form on r*(r*L''"'*): 

/ d^,^ \ / u;^; \ / \ 



dC§^ 
d^u3 



+ 



c^^i a;^; 









V ^P"3 / 



d^ + u}(. 



\ 0000/ 
It follows that in terms of the coordinates (ri, 6i, U3, pf^, Pg^, Pus) on T*L''"'*, 

V''«'*s = ds - *Cjs 

for s a section of the bundle T*(T*L''^'^) over r*L''"'* that is trivialized by the coframe 
{dri, dOi, duz, dpf^, dp^^, dpus) on r*L''"'*. Here, *u> is the transpose of the matrix-valued 
1-form u>. One can convert the above expression for V''"'* to an expression in terms of the 
complex-real canonical coordinates (-21,^21) •= + V—^U2,U3,pui — V—^Pui-iPus) as 



\ 9/rn -(1— 2m)/m ~(l—m)/m 
2 „2/m 5(1-"*)/"^ ^ ' 



1 + m a^l'^ z\ 

m--^(l - m) c?l^ i(i-HA» |(i-2m)A 
1 + ^-2„2/™,(i-™)/™|(i— )/- 



V'^^dzx = V'f'^dzi = all other Vi 



. 
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(b) A uniform bound for \\{V''"')^P''"'\\co, k = 0, 1, 2, 3, for UL',a. Recall first some basic 
variations to express /3' on Y': 

P' := Im {dzi A dz2 A dz^) = Re {dzi A dz2) A dv^ + Im {dzi A dz2) A du^ 
= ^^^^{dzi A dzi + dz2 A dz2) A dv^ — Im {dzi A dz2) A d-us . 

To re-express f3' in terms of T*L''"'* in the region {|;zi| > R'q}, consider the smooth map Y''^ 
y''*, {zi,U3, Z2,v^) {zi,u^,Z2 + a-^/"^!^™, fs). Then, f3' is pulled back to 



T*L 



{|^il>-R^,} 



^ ((1 + m-2a2/-zf-"^)/"^lf -"^)/"^) dzi A dh + dp,, A dp,,) A dp. 
+ ^ m-iaV- )/- A dp,, - li^-"*)/"* dli A dp,,) A dp„3 

— Im {dzi A dp,, ) A dtxs 



with the coordinates on T*L''"'* given by {ui + \/— lti2, W3,Pni — V—^Pu2jPu3) ='■ {zi, Uz-,Pzi -.v^). 
After a further change of coordinates (ii, ?X3,p,,, U3) = (fie^^~^^i, tta, e"^'^^! (p~ — 
it can be expressed also as 



1 )lPu3)l 



dfi A d^i 



- r^ '^pg^ dfi A dpr, + pr, d^i A dp^, + ^p^^ d^i A dp^^ - ^ dp^, A dp^J A dp^g 



_^-l^l/m^(l-rn)A 



(1+m). 



I — 1 1/m -(1— • / (l+m)6i 

+ m ' r) sm ^ ^ 

+ ^Pr, dfi A d^i + f]^^ dfi A dp^^ — fi d^i A dp^,) A dua . 



- j ^pf, dfi A d^i + f 1 ^ dfi A dpg^ + fi d^i A dpr, j A dpu 
2fr^Pg, dfi A d^i — dfi A dpfi + dOi A dp^^ j A dp„3 



To show that ||(V'''')^/3''"||co, fc = 0, 1, 2, 3, is uniformly bounded on Ul',^, one only needs to 
show that ||(V''")''/3''"||co, A; = 0, 1, 2, 3, is uniformly bounded on C/^/.a n {|zi| > B!q}. 

First, recall Definition 1.2 that the horizontal distribution V''" on ?7^/,a is used to define a 
metric h''"' on t/^/.a. From the explicit expression in Part (a) in coordinates (ii, tt3,p,,,p„3), 
y/,a _ Q^|^_|^|(2-3m)/m^ ^^^^ hence, uniformly on ?7x,/,a as |ii| oo. Thus, the || • ||(^o-norm, 
with respect to /i''", of tensor product of of elements in {dii, dzi, dus, dpz^, dp^^, dp^j} are all 
uniformly bounded on Ui/.a. It remains to analyze the large-|zi| behavior of the coefficients of 
(V''")^/?''" in terms of the basis from these tensor products. Re-write 



^ ((1 + 0(|zi|2(i-HM) dzi A dli + dp,, A dp,,) A dp„3 



{\ii\>Ro} 

+ (0(|zi|(i-"^Vrn) dzi A dp,, - 0(|zi|(i-"*)/"*) dzi A dp,,) A dp 
— Im {dzi A dp,, ) A du^ 
as I zi I — )• c» . 

From the fact that V''" = 0(|zi|(^-3'")/'") as \z\i oo and the identities 



U3 



(V 



' ^ij^ '^*2 '^*3 



Qi,a 



VI .a 

n 
7/, a 



— V''" V'" -I- V'" /^''"^ -I- V''" 

V . . V . , „ 6,3 V e^ V ej 6,3 



"'2 
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one observes that each time a covariant derivative is appHed to a term, the large- behavior 
of the coefficients of the resuhing terms either remains the same or shifts from 0(|zi|*) to 
0(|ii|*^^). It follows that all coefficients of /3'L,^/,a,o are uniformly bounded on U^/.a. 

Thus, ||(V''")''/3''''||co, k = 0,l, 2, 3, are uniformly bounded on Ul',^. 

(c) Bounds for , k = 0, I, 2, 3, for Uj^, ,^tm-i . The scaling argument of Joyce 

(cf. [Jo3: III, Sec. 6.3]) applies here only better since the scaling involved in our situation is only 
partial. To proceed, first note that for a diffcomorphism r : Mi — )■ M2 on manifolds and A;-tensor 
a and vector fields Xi, ■ ■ ■ , on Mi, {Tia){T^Xi, ■■■ , t^X^) = (r*(T~^)*Q)(Xi, • • • , X^) = 
t{Xi, ••• , Xk). Let (61,62,63,64,65,66) be the coordinate frame (c?„j , c?„2 , , , > ^1^3 ) 
Y' and (e-^, e^, 6^, 6^, 6^, 6^) its dual coframc. Since t|"^V''"'* = V''" as horizontal distributions 
and ty^j3''"''^ = t^fi''"- by construction, after passing to Uj^,^atm-i and for t G (0, 1], 

((V''"'*)i,,...,e,../3''"'*)(efe+i,efc+2, efe+3) at pt e Uy,a,t 



= ((ir'V''«'*)f-i . (iry'"'*))(C'eik+i, CW, CWs) at t-^-pteUL',a 



as sections in the contraction {{<g)kT*Y')ig)rt^{Y'))(^{(^k+3T^:Y') C°^{Y') through evaluation, 
over submanifolds UL/,a,t, Ul',<^ C Y' . Here, we used the fact that exactly one of e^+i, efc_|_2, e^+a 
must be in {63, 66} for the above contraction to be non-zero. Since there exists a constant C( > 
such that II e* II f;o < C'J t ||e*||f;o for ? = 1, 2, 4, 5 and = ||e'||(^o for z = 3, 6, one has 

ii(v''"'*)'=/3''"'*ibo < c^i-'=ii(v''")V'iico < ^4^"^ 

for some constants C2 > and > 0, from the uniform bound for ||(V''")'^/3''"||(70, k = 
0, 1, 2, 3, for C/^/.a in Part (b). This proves the proposition. 

□ 



3 Immersed Lagrangian deformations of a simple normalized 
branched covering of a special Lagrangian 3-sphere in a Calabi- 
Yau 3-fold and their deviation from Joyce's criteria. 

We construct in Sec. 3.1 a natural family of immersed Lagrangian deformations of a simple nor- 
malized branched covering of a special Lagrangian 3-sphere in a Calabi-Yau 3-fold and compute 
in Sec. 3.2 - Sec. 3.4 their deviation from Joyce's criteria. 



3.1 Immersed Lagrangian deformations of a branched covering of a special 
Lagrangian 3-sphere in a Calabi-Yau 3-fold. 

Let ~ 5^ c y be a special Lagrangian 3-sphere in a Calabi-Yau 3-fold Y = {Y,J,u),n). 
It follows from [McL] that Zq is rigid. The canonical inclusion J ■ T^Zq C {T^Y)\zq gives a 
distribution on Y along Zq that is perpendicular to the canonical inclusion T^Zq C {T^fY)\zQ- 
Let '■ Uzo ^ 1^ be a symplectomorphism from a neighborhood Uzq of the zero-section of 
T*Zq to a neighborhood of Zq in Y such that its restriction to the zero-section is idzo ■ Zq ^ Zq 
and the embedding $Zo,* ■ TMzq ^ sends To{Tr^^{z)) to J ■ T^Zq for z G Zq. Here 
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ttzq '■ Uzq — > Zq is the restriction of the bundle map T*Zq — >■ Zq to Uzq and one endows Uzq 
with a Calabi-Yau structure via $Zo- 

Simple normalized branched coverings of a sL 3-sphere in a Calabi-Yau 3-fold. 

Let 

■ X he a closed oriented 3-manifold; 

• / : X — 7- Zq be a smooth, orientation-preserving, finite, branched covering of Zq, with 
branch locus T C Zq (downstairs) and T C X (upstairs); 

• r = n^^^Fj and F = iTJ^^Tj be the decomposition of F and F into connected components. 

Definition 3.1.1. [simple normalized branched covering], f : X Zq is called a simple 
normalized branched covering of Zq in Y if it satisfies in addition the following conditions: 

• [simple] Each Fj, F^- is a smooth 1-submanifold of X isomorphic to a circle and / 
maps each Tj diffeomorphically to some F^; 

• [normalized] When f -.Tj ^ Fj, there exist a tubular neighborhood i^xiXj) of Tj in X, 
a tubular neighborhood of z^^^^(Fj) of Fj in Zq, coordinates {xi,X2,x-i) € x (M//j) on 

vxi^j), and coordinates {ui,U2,us) G x (M/lj) on 1^20(^1), where /j is the length of Fj 
in Y, such that the following holds: 

• The restriction of (gf^i^^^j) to Fj is an orthonormal frame along Fj with 
tangent to Fj. 

• The restriction / : i/x{Tj) — )• ^^^^(ri) is given by 

{ui,U2,U3) = fixi,X2,X3) = {Re {{xi + ^/^X2)"'^) , Im ((xi + V^a;2)'"-') ; X3) 

for some ruj G Z>2. 

mj is called the degree/multiplicity /order of f around Tj. 

Remark 3.1.2. [weaker condition]. In the above definition, the requirement that 

'The restriction of (^, gf;-^) to Fj is an orthonormal frame along Fj with 
tangent to Fj.' 

is only for the simplicity of the presentation in this note. It can be replaced by the weaker 
requirement that 

'The restriction of to Fj is tangent to Fj.' 

Furthermore, since the construction below is local in nature and the branched covering map has 
finite degree, the condition that 

'/ maps each Tj diffeomorphically to some Fj' 

can be weakened to the condition 

'/ maps each Fj to some Fj as a smooth finite covering map'. 
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Auxiliary flat Lagrangian neighborhoods Y''^, i = 1, • • • , ^o? ^or the branch locus 

r c y of /. 

The inclusion i^ioi^i) C Zq induces an inclusion T*ir'^^{Ti) C T*Zo. Let U^j := Uzq n 
r*t^ (Fj) and (r ) := ^Zo\u ■ Shrinking all these tubular neighborhoods if necessary, 
one has then a symplectomorphism between tubular neighborhoods 



^ui (TA ■■ Uj c y, 



\y rr 



whose restriction to the zero-section is the identity map i^zj^"^ ~^ ^zj^'^)- 

Recall the coordinates (ni,'U2,'f^3) on i^Zoi^i) construction in Sec. 2.2. Identify the 

canonical coordinates {ui,U2,U2,Pui,Pu2iPu3) on (r ) ^ -^*^o(^*^ h^ere with the coordinates 
{ui,U2,u^,vi,V2,V3) on Y' there. Then the Calabi-Yau structure {J',u}',Q') on Y' in Sec. 2.2 
induces a Calabi-Yau structure, denoted also by {J',co',W), on U^j ^ that is flat. Denote 

Ti : {Y''\u') (4(r,),a;) C y. 

Then the Kahler property of a Calabi-Yau structure and the special Lagrangian property with 
respect to a calibration imply that 

T^*{J,n)\r, = {J',n')\r,. 

In this sense, (Y''^ , J' ,fl'), denoted collectively also by Y''^, is an infinitesimal flat approxi- 
mation of (z/y(rj), J,uj,^) (=: collectively) in Y via T-^ and one can identify Y''^ with a 
tubular neighborhood of the zero-section of the orthogonal complement (gfjlrj)"*" of the nowhere- 
zero section g^jlr, in {T*Y)\y^, with the induced flat Calabi-Yau structure. 



Immersed Lagrangian deformations /* of / from gluing. 

The restriction / : ux{Tj) ^Zo(ri) C Y defines a special Lagrangian map 

such that / = o ip^ on z/x(f j). We'll glue the immersed Lagrangian deformation 

of tp^ as constructed in Sec. 2.2 to / to give an immersed Lagrangian deformation /* of /. 

The following class of cutoff functions with their first three derivatives bounded in the best 
possible manner is the basis of our gluing construction and some later estimates: 

Lemma 3.1.3. [cutoff function]. Given 6 > and Rq > 0, let t G (0, 6) and < b\ < b2 < Ro 
be constants that depend smoothly on t such that b\, b^, b\/b\ ^ when t — >■ 0. Then, there exist 
smooth functions x* : (0, i?o) — >■ [0, 1] that depend smoothly on t as well and a constant Cq > 0, 
independent of t, such that the following hold: 

■ x*:(0,6i]^{l}. 

■ For t small enough, -^x^r) < Cq ■ (62)"*", for k = 1, 2, 3. 
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Proof. For t small enough, one may assume that < 6* < | - 62. Consider the following piecewise 
linear continuous function 



r 



{r-b\) 



r - ri) + ai 



-ai 

- ^2) 

^ (r - rg) + a2 

r5-r4 
-as 



r — r4) 



?^5) + 03 



for 
for 
for 
for 
for 
for 
for 
for 
f 



0<r <b\, 
b\ <r <ri, 
n < r < r2 , 
r2 < r < ra , 
r3<r <r4, 
r4<r <r5, 

^5 < r < 62 ! 
b\<r <Rq. 



which depends on the parameters 01,03 < 0; 02 > 0; b\ < ri < r2 < < < < b^ 
with ri (rcsp. r2, rg, r4, r^) in a small neighborhood of | 62 (resp. | b\, \ b\, | 62) | ^2)- ■'^y ^-'^ 
appropriate adjustment of these parameters and a smoothing of x* in the C°°-topology, one 
can choose x* as required by taking 



X\r) 



1 + 



^0 ^0 



X''^{r"')dr"'dr"dr' . 



□ 



We'll denote dx^/dr and d^x^/dr^ ^-Iso by x* and x* respectively. 
Definition 3.1.4. [immersed Lagrangian deformations /* of / from gluing]. Let 

X* := X-f, := Zn-T. 



The restriction /* : Zq oi f to X* is a covering map and, hence, induces a covering map 



: r*x* 



T*Z^ 



that is a local symplectomorphism. Recall Sec. 2.2 and the notations therein. For a pair 
with /(Fj) = Fj, let i?o > and aj > be small enough so that 

• the solid torus {\zi\ < Rq} around Fj in Zq is contained in i^Zoi^i) ^^'^^ ^'^^ notational 
convenience, we shrink t^(j(Fj) so that they are the same from now on, 

• the solid torus + \/^X2| < ii^™^} around fj in X is contained in ux{tj) and we 
now shrink ux{Tj) so that they are the same from now on, 

• the smooth embedded special Lagrangian submanifold with boundary 



L' 



l,aj 
Ro 



{\zi\<Ro, ajzi - z^' =0, V3 = 0} C Y' 



is contained in Y''^. 
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Recall the graph T{a^) of the associated exact 1-form 

= dh^ ■= Re (^^a)'"''di{xi + ^X2T^+^)\ 
\mj + \ ^ 'J 

on uxij^j) whose restriction over vxiJ^jY is mapped to L'^fMr'^^iJ^iy under (Cf. Lemma 2.2.2.) 

While ff does not extend to fibers of T*X over F, it follows from the explicit study in Sec. 2.2 
that the restriction of on ^{oi^)\^^(f .y extends to the whole T{a^) and defines a smooth 
Lagrangian embedding 

: ux{Tj) ^ Y''^ 

with the image l'^^ and satisfying Troy^^'^J = f\^^^^ ^^ where it :T*Zo ^ Zq is the bundle map. 

Let t e (0,6), <b\<bl< Rq, and x* : {0,Ro) [0, 1] with r = \{xi + ^/^X2)"'^\ be as 
in Lemma 3.1.3. Recall the partial scahng t ■ L'^^'i := /.''"j*""'' of L'-^'j in Y'; cf. Notation 2.2.3. 
The associated 1-form on i/x(f j) is thus tK-i)/'"^a.? = . Define 

Then, since the two graphs r(a-''*) , r(i('"^-^)/"'^- • a^) C T*vx(J'j) of 1-forms are identical over 
{\xi + \J—lx2\^^ < &i} C vxiXj)^ the restriction of ff on r(a-''*)|^^^p.^o extends to the whole 
r(a-''*) as well. Since r(t(™J^^)/™J • a^) defines also a smooth Lagrangian embedding of vxi^ j) 
under the extension of and / is a smooth Lagrangian immersion of vxiJ^jT, f\ defines now 
a smooth Lagrangian immersion: (following the notation of Sec. 2.2) 

with the image L^^ and satisfying also tt o ip^'^'i^ = f\^^(f.^ . After the post- 

composition with T-^ : Y''^ — > Y, one has then a smooth immersion 

oV^'"^*"'~' : iyx{Tj) — > Y 
of Lagrangian submanifold with boundary. Since 

X l[b*,i?o) = and (T^ o ^^^'"^ )l{6*<|(xi+y^x2)'"^' |<i?o} = f\{bi<\{xi+V^X2r^<Ro} ' 
it follows that 

no no 

]j(T^ oV'^'«^*'"^-^) : u^^(f.-) y 

can be extended by / on X — vx (Xj ) to a smooth Lagrangian immersion 

f : = X — > Y. 

In other words, recall the Lagrangian neighborhood : Uzq Y of Zq cY and the projection 
map TTZo '■ Uzo Zq at the beginning of this subsection. Then, the smooth function 

no no 

: Wux{t^) M 

extends to a smooth function 

: X — > M. 

by 0; ff extends to f\ on the graph T{dh*) of d/i* in T*X; and 
where dh* is regarded as a section X ^T*X oiT*X over X. 
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By construction, ^ f =■ f^, as t — )■ 0, both in the sense of currents and in the sense of 
C°° -topology on any compact subset of X^, and ttzq ° = f for all t G (0, 6). 

Notation 3.1.5. [pull-back metric]. Let gy be the Calabi-Yau metric on Y determined by 
(JyCd). Denote by 5* the pull-back metric {f^Ygv on iV* = X. 

Remark 3.1.6. [expression in Y''^\. By construction, the only difference of /* and / =: /° 
lies in vx{^)^ whose image in Y lies in iJj{T^{Y''^)). In terms of the complex-real coordinates 

(■Ui -t- yf-[u2,U2„Vi - y/^V2,V3) = (zi, 142, ^2, fs) = (^C 

hence, on T^iY''^), the immersed image f*{N^) fl T^{Y''^) is given by 



M3, r2e^^^^2, fs) on Y''^ and. 



f{N^)nT^{Y''^] 



(ne^^S U3, r2e^^\ 0) 



. r2 = a}/'^i t^i^j-'^)/'fnj 
■ ruj O2 = Oi ( mod 27r ) 



l/rtij 



Notation 3.1.7. [/* in three parts]. With the notation in this subsection, let 



Pj ■= {{xi,X2,X3) e Vxii^j] 



< \{xi + ^r^X2Ti\ < b{}, 

b\ < \{Xl + ^/^X2^i\ < 6*2}, 



{ixi,X2,X3) e I'xi^j. 

Then, from the gluing construction of /*, 

/* = (u^ii(/*lp*u/%p)U/*k- 



3.2 Estimating /mQ|jv*' 

We now estimate the Sobolev norms of ImU\f^t in Criterion (i) of Theorem 1.1. The discussion 
is based upon Taylor's formula and a finite-dimensional nature of the problem. 



Taylor's formula. 

Let / be an M- valued function on an open subset S C M™ and y := (yi, • • • ,ym) be the 
coordinates on W^. For a. e S and t G M"*, if all Z-th order partial derivatives of / exist at a, 
then write 

m m al f 

jl = l jl=l 

Theorem 3.2.1. [Taylor's formula w^ith remainder]. (E.g. [Ap: Theorem 12.14].) Assume 
that f and all its partial derivatives of order < I are differentiate at each point of an open set 
S in W^. If a. and b are two points of S such that the line segment a,b in that connects a 
and b is contained in S, then there is a point c G a,b such that 

/(b) = E ^/^^^(a;b-a) + (c;b- a). 
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Oriented-Lagrangian Grassmannian bundles, prolongation of Lagrangian 
immersions, and calibrations. 

Let {Y,J,u;,Q) be a Calabi-Yau m-fold, denoted collectively by Y, and Gr^^ {T^:Y) be the 
oriented-Lagrangian Grassmannian bundle over Y, whose fiber over y £ Y is given by the 
Grassmannian manifold Gr^^ (TyY) of oriented Lagrangian subspaces of TyY. By construction, 
a Lagrangian immersion f : X ^Y from an oriented m-manifold XtoY has a unique lifting 

Gr^^{T,Y) 




defined by {Gr^ f){x) = [/*(T^X)] e Gr^ {Tf(^^)Y) for x e X, where f^{T^X) is equipped with 
an orientation from that of T^X via the isomorphism : T^X — t- f^{TxX). 

Definition 3.2.2. [prolongation of Lagrangian immersion]. Gr^^f : X — )• Gr^^ (T^:Y) is 
called the prolongation of the Lagrangian map f -.X ^Y to Gr^^{T^Y). 

The holomorphic m-form Q on Y defines a map e^^^° : Gr^* {T^Y) — t- U{1) C C* by 
[L] I— >• ^\i/vol where vol i is the volume-form on L induced by the metric on Y . The imaginary 
part £ := sin a of e^^~^" defines a smooth function on Gr^^ {T^Y). This defines in turn a smooth 
section de of T* {Gr^"^ {T^Y)) and a smooth function |dep := \{Gr^"^f)*de\'^ on X, using the 
pullback metric tensor on X under /. 



Local charts on Gr^ (T^^y) and prolongations as 2-jets. 

Note that any Lagrangian tangent subspace of Y is tangent to some embedded Lagrangian 
submanifold of Y . Local charts on Gr^* {T^Y) can thus be provided by Lagrangian neigh- 
borhoods on Y as follows @ Let Z C Y he an oriented embedded Lagrangian submanifold Y, 
Z C G'r^^(T*y) be its prolongation to Gr^^ {T^:Y), and '■ Uz Y he a Lagrangian neigh- 
borhood of Z C y, where Uz is a neighborhood of the zero-section of T*Y. Local coordinates 
(ui, • • • , Um) of a chart U on Z, with the orientation specified by dui A • • • A dum induce local 
coordinates (ui, • • • ,Um,Pui, • • • -.Pum) —'■ {'^■•Pu) G '^^) ^ ^^(2) associated chart on Uz 

with 

l Um 5 Pui ; ■ ■ ■ ; Pum ) ^ ^ Pui 

dui+ ■■■ + Pumdum e T*Z . 

In terms of this and by [McD-S: Lemma 2.28], a coordinate chart U for a neighborhood of 

Z C Gr^*{T^Y) is given by 

{{{u,Pu), A) I {u,Pu) G chart on C/^ associated to [/ ; A : symmetric m x m-matrix} . 

Here, {{u,pu), A) specifies the oriented Lagrangian tangent subspace at {u,pu) given by 

A(Kp„M) := {{i,A$) : ^ G M™)} C M^) x M^^ , 

where we have identified the tangent space of a point on M'^^ x M^g-j canonically with M^^^ x MJ^^ 
itself, using the linear structure, and the orientation of ^((u,pu),A) is specified by the orientation 
on M™^ via the restriction of the projection map x W^-^ — )• to ^({u,pr,),A)- 

Such local charts on Gr {Tt,Y) are more convenient for our purpose. One can also consider local charts on 
Gr^ {TtY) induced by Darboux charts on Y. 
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Now, an oriented embedded Lagrangian submanifold Z' in Y that is C^-close to Z can be 
expressed as the graph of a closed 1-form on Z under On a small enough chart U on Z, Z' 
is thus given by 

^ dh , . dh , 



for some h G C°°{U). The prolongation Z' of Z' to (?r^^(r*y) is thus locally given by 



dh 



duiduj 



It follows that the prolongation Gr^^f : X Gr^^ (T^Y) of an oriented Lagrangian immersion 
f : X ^Y can be expressed locally as the prolongation of a 2-jet. 



Estimating Imi}.\j^t. 

Definition/Notation 3.2.3. [setup: reference map of prolongation] . Recall Notation 3.1.7: 
The submanifolds with boundary P|, Q*-, K* d N* = X and the decomposition 

f = (u^ii(/*lp*u/%p)U/*k^ 

of Lagrangian immersions /* : X — > F. With respect to this decomposition, define 

("0 \ (no \ 

n(0p]U0Qi)ln0*i.* ■■ (11(^*11^0)11^* ^ Gr^'iT.y) 

by 

pj)]) G Gr^+(r(o,o,.3)^) , 
0Q* = Gr^^lQ,), and 9*^, = Gr^VVO ■ 

Here, 

• /(fi) = r^; 

• the symplectic coordinates (ui, U2, U3,p„^,p„2iPm3) = {ui,U2,U3,vi,V2,vz) on i^zS^i) in- 
duces a trivialization Gr^^ (T*i/;^^(rj)) ~ T*f^^(rj) Xp^ Gr-'"^ (T^ylrJ via the symplectic 
linear structure from the coordinates and pi^'^ is the projection map to the second factor; 

• recall that /° := /. 

We'll call 0* a (piecewise- smooth) reference map for the prolongation Gr^^f^ : X Gr^^ (T^Y) 
of 

Proposition 3.2.4. [basic estimate]. In the situation and notations in Definition 3.2.3, 
making 5 > Q smaller if necessary and assuming that h\ = f^^ , h\ = for some < C2 < ci, 
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then there exists a constant C > such that for all t G (0, S), one has 



( (1 — ^)+^ 



< < 



on Pj 



ct'-^-'^' + ct^'-^^^'-^'^ 



on 



on K'; 



t . 



C + ct^'^^''^^^'^'^^^^/"^^ . 



|de*| < < 



ct"-^-'''' + ct^'-^^^'-^'^-'^ + ct^'-^^-"'^'-^^ 



on P], 

on Q^j , 
on 



for all j = 1, ■ ■ ■ ,no. Here \ ■ \ is computed using the metric on iV*. 

Proof. (See Item (a.l) and Item (b.l) in the proof of Proposition 3.2.5, where all the necessary 
expressions are collected.) Note that (e*)*£* = = (e*)*(de) on (IJ?=i (0*p* LI ©o*)) LI ©^ff 
All the estimates can be made with P| U Q*- C {X,g*) approximated by the flat geometry on 
L''^ . Recall Remark 3.1.6. The estimate for e* follows thus from pointwisc Taylor's formula over 
X for e on Gr^"^ (T^Y) with the corresponding point in ImQ^ as the reference point and the 
following estimates: For Pj, consider t ■ L''^ with ri < b\. Then, 

< ri <6*i = i^i, 



For Qj, consider t ■ L''^ with 6i < ri < Then, 



); 



(l_^)+£2. 



l/rtij 



— J 



m 



+ 1 bi> 



1 1 C2 



+ 0{t 



1 1 C2 

0(t ""^ 



23 



d ( 1/ 



m 



mj + 



l/ruj 



I -rr 1 1 I / 1 



mi 



Here, we have used the fact that r^"*^ (resp. "^3)/"^^-^ jg increasing (resp. decreasing) 
function over ri > for all j and (1 — ;^)(1 — C2) > (1 — ~ ci). Under the assumption, 

all the exponents in the t-orders are positive. 

Similarly for the estimates for |(ie*| with, in addition, the following estimates: For 



dr2/dr2 



1. 



For Q*, 



drj 



m 



rrii + 



m,- + 1 



+ — X{ri)r\ 



Co Cq l/raj 

+ TTTTTT ^^ 



t\2 '1 



"1 7T ' 1 "T o ' 1 



rrij 62 



< 0{t^'^^~^^^'^^) {bl)~^ + 0(t("^J~l)/"^j) (6*)(l-2mJ)/mJ 
Here, we have used in addition the fact that 2mj)/mj ^ decreasing function over ri > 
for all j, and (1 — — 02(2 — > (1 — — ci(2 — -^). Under the assumption, all the 

^ ifi-j III- J ' ^ III j ' ^ 

exponents in the i-orders are positive. 
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□ 



Proposition 3.2.5. [Sobolev norm estimate]. Continuing the situation in Proposition 3.2.4, 

with an additional assumption that nij ^ {2, 6, 11}, then for all t G (0, S), with S small enough, 
the norms ||£*||^6/5, ||£*||cO; IMs*IIl6; cind are bounded above by t-powers with exponents 

a linear function in ci and ci with coefficients fractional functions in rUj, j = 1, . . . , no- 
Here the norms \\ ■ \\, are computed using g^ on N^. 

Exact expressions for these exponents are given in the proof. 

Proof. The calculation is similar to that in the proof of Proposition 3.2.4, with the same reference 
map 0* for Taylor expansion and an additional ingredient from the t-dependent volume-forms 
on X from the pull-back metric g''. As /*, t G (0,5), are immersions, we will perform the 
computation using data and coordinates on Y. 

(a) On P]. 

(a.l) Basic data for estimates on P- . Consider 



(ne^^^S U3, r2e^^^ 0) 



n = aj^ t^-'^i r^' , 



^ < n <h\ = t"^ ; 
9\ = rrij 02 ( mod 27r ) 



> . 



The approximate metric is given by 



ds^ 



1 + nij a- t 



2^-2 ,2(l-mj) 2(mj-l) 



drl + r| (l + m^.a^H 



2„-2,2(l-™,)^2K-l)^j ^^2 ^^^2^ 



which gives the approximate volume-form: 

vol* = r2 (l + m|a72t2(i-m^)^2(m^-i)j dr2Ade2Adu3. 

The imaginary part £* of the ratio calibration/ volume-form is approximated by 

£* = 0{ri) + 0(r2) = O(i^-"*^>^0 + 0(r2). 
and |d£*| is approximated by 



l-rrii m-j-l-. 



+ 0(1). 



(a. 2) Estimating ||£*||co on P|. It follows from Part (a.l) (cf. Proposition 3.2.4) that 



(a. 3) Estimating ||£*||i6/5 on P*. 



27rL- 



0{t 



r-2=0 



+ 0{r2)\ 



6/5 



r2 (l + m2aT2i2(i-m,)^2(m,-i)^ ^^^^ 



5/6 



(l+- 
fO{t 



0{t 



1— m, '"j 



+ 0{r2)\ 



6/5 



• r2 



(l + 0(t2(i— .)r^(-^-i))) 



5/6 



dr2 
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Note that both Oit^-""^ r^' ) = 0{r2) and 1 = 0(t2(i-m,) i) ) ^^^^ ^ Q^^y Tj^^g. 

If < ci < 1, then for ^ > small enough, and all t G (0, 5), 



< 0{t) < 0{t ) 



l^e/. = 0(1) / + / 1 0{t'--^ ) + Oir.t" 

y V 7r2=0 Jr2=0{t) ^ 

/ rO(t) 

= 0(1) / 0(r2)^/^ • r2 ■ 0(1) dr2 

\Jr 2=0 

Jr2=0{t) j 



5/6 



If ci > 1, then 0{t'^ ""^ ) < 0{t) and 



OC*'"^ ) \5/6 8 ^ ci-i 



£*||l6/5 = ( / 0{r2f'-r2dr2 ) = 0(t^ 

^ 'r-2=0 ^ 



(a. 4) Estimating ||e*||Li on Pj. Similar to the estimation for ||£*||i6/5 in Part (a.3), if < ci < 
1, then 



II 

1^ IIli 



rO{t) 

/ C'(r2)-r2- 0(l)(ir2 

Jr2=0 

+ / 0{t'-"'^r^n-r2-0{t^('-"'^'^rl^"'^-'^)dr2 

Jro=0(t) 



-Oit) 
/r-2=0 

fO{t" ""i ) 
'r2=0{t) 

If ci > 1, then 



lk*||Li = / 0(r2)-r2- 0(l)dr2 = 0(r^ ^ ) . 

-'r2=0 

(a.5) Estimating ||&*||l6 ore P^. Note 0(i^-'"ir^^"^) = 0(1) occurs also at r2 = 0{t). Thus, 
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similar to the estimation for ||£*||i6/B in Part (a.3), if < ci < 1, then 

/ rO{t) 

||&*|U6 = / 0{lf ■r2- 0{l)dr2 
\Jr2=Q 

1+21=1 
Jr9=0(t) 



'r2=0{t) 



If ci > 1, then 



= / 0{lf-r2-0{l)dr2 
\ Jr2=0 



0{t 



(6) OnQ*. 

(6.1) Basic data for estimates on Q^y Consider 

r2 = a 

(rie^-~^i, U3, r2ev^^^ 0) 



l/rrij ^(rnj — l)/mj 



rrij +1 



h\ = < ri < t"^ = h\ ; 
vfij O2 = 01 ( mod 27r ) 



> . 



The approximate metric is given by 



ds^ = ( 1 + af""' t2(m,-l)/. 



rrij+l 

+ (^r? + mT2af"^^t2(m,-l)/m. 

which gives the approximate volume-form 



m,- ..// X , N 1/m-i , I f / \ (l-m,)/m; 



vol' = ( 1 + a'/™^' i^K-i)/. 



2 + ^2(m,-l)/m, 



mj ..+ / \ , . + / \ l/m,- , 1 t / \ (1— rra,)/mo 

riiXHn) + X*(ri)r/ '+;^X*(n)ri 



1/2 



m,+l 



X (n) + X 



l/rrij 



1/2 



Thus, 



\vol'\ < I 1 + 0(t^^^ -"V) 



1 1 n 2 \ 1/2 



2\ 1/2 



|(iri A d^i A du2,\ 



= ( 1 + 0(t'^' -V 



n2 \ 1/2 



2(i-;^-c2). 



1/2 



\dri A ^6*1 A dua 
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The imaginary part e* of the ratio cahbration/ volume-form is approximated by 
£* = 0(r2) + 0{dr2/dn) 



Thus, 



mj — l)/mj 



|e*| < 0{t 



--t 



= 0{t ""i ) 



X (n) + r(n)r/ ' + —x {ri)r\ 



0{t-^^^) + 0{r^^rl' ) + 0{r{ 



\de^\ is approximated by 



\de^\ = 0{dr2/dn) + 0{(fr2/drl) 



+ 



:^x\ri) + x*(ri)ri'"'^ + ^x\ri)rl" 



0{t 



1 L 

0(t '"J 



I 2 -1/ \ (1— m,)/m,' , 1— m,- \ (1— 2m,)/m,' 



--2 



-i--2 

Here, we use 0{t~'^'^ r^^ ) + 0(r^^ ) = 0{r^^ ) for < ri < f^"^ in the last equality. 
(6.2) Estimating \\e^\\co on Q\. It follows from Part (b.l) (cf. Proposition 3.2.4) that 



1 ^-2C2 



a-;;b)a--i) 



< o{t -^i ') + o(r ^i'^ 



(6.3) Estimating ||£*||i6/5 on Q^a. It follows from Part (b.l) that 



^2 



ri=t'=i 



0{t ""i ) 



1 + 0{t^^ "^i^ 



0(t-2^2) + 0(ri"'^- ) 



6/5 



n2 \ 1/2 



)l/2 \ ^/^ 
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The equalities 



Oit-^"^) = 0{rp ) 



--1 



0{t 



); 



rl 



are solved by 



. rriA — l 



r^ = 0{t^i-')- C2 = -(1 ), 

2 rrij 

respectively. Denote the t-exponents: 

2c2mj 



El :— ci , E2 :— C2 , -E3 



rrij - 1 



n = 0(t); n = 0{t A- ''^) 



E4 := 1 C2 , E5 := 1. 

rrii 



Then the equations Ei = Ej, I < i < j < 5, divides {(ci, C2) G : ci > C2} into 13 regions: 



region 


description in {0 < C2 < ci} 




Region (^i^ 


l<C2(<Ci), C2>i(l-;^)C1 




Region (2) 


l<C2<i(l-;^)Ci 


£'4 ^ £^5 ;< £^2 -£'3 E\ 


Region (^3) 


i(l-i-)<C2<l, C2<i(l-;i-)ci 




Region (4) 




E2 ^ -£'4 ^ -f/S ^ -£/5 ^ 


Region (5) 




£/2 ^ -^3 ^ -^4 ^ -^5 ^ -^1 


Region (g) 


C1>1, i(l-;^)ci <C2< 1 


£4 ^ E2 ^ £5 ^ -^l ^ -£3 


Region (7) 


C1<1, 1(1 - < C2 (< Ci) 




Region (s) 


(l-;^)-Cl<C2<i(l-;i-), C2>i(l-;^)C1 


E2 ^ £4 £1 £3 £5 


Region fcj^ 




E2< Ei_< E,, < El < Er, 


Region (^n)) 


C1<1, (0<)C2<^^3-^;!.;), C2>(l-;^)-Ci 


E2<Es<Ei<Ei< E5 


Region (11) 


;|^<C2«C0, C2<(l-^)-C, 


£2 ^ -^1 ^ -^4 ^ -^3 ^ -£'5 


Region (12) 


i(l-i-)ci<C2«Cx), C2<;;i^2g)l_ 


£2 ^ £/i ^ £3 ^ £'4 ^ £/5 


Region (IS) 


(0<)C2<i(l-;^)Ci, C2<(l-;^)-Ci 


£2 ^ £/3 ^ £1 ^ £4 ^ £'5 



Once the region (01,02) lies is fixed, the decomposition of the integral f^^^^c^ is determined by 
the order of Ei, E2, E3, E4, Er,; and for each part of the integral, the dominant t-order term in 
each factor of the integrand is determined. Similar computations as those in Part (a) give then 
the following bounds for ||£*||^6/5 on Q*-: 
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(C1,C2) 




Regional) 




Region (2) 




Region (-i) 




Region (^4,) 


+ 0(t^^ ^ ) + 0(r ^) formj=6, 

+ r)(/^'' ' ) + o{i ' ) III J > 7 


Region 


o(tt(i-^)-l-+(5%-iW) + O(tt-^-tc^) 

11 n 1 -1 1 (ii-"»3)=2 . 1 1 _ 
+0(i«^ 3(^,-1, )+0(t' 3^=2) /or 2 < m^- < 10 , 

8/1 1 \ 5^1/ 11 5 5 5„ 
0(^3(l-7^)-6<=2 + (67^-l)ci^ + Oit^"^"^ ^) 

+ 0(i5/^|logt|^/^) + 0(t^~'^~^''^ ) /orm^ = 11, 
+ 0{t^ 3 ™j " ™j j+O^t ^ ) for rrij > 12 


Region 


7 S 9„ 8/1 1 \ 11„ 
0{t^ 3m^ 2^2^ _^ 3C2^ 


Region (J) 




Region (s) 




Region 


11/1 1 \ 17 „ 1 Smjcg 8/il\ll_ ill„ 

/or 2 < rrij < 5, 

J* 

jor rrij = O; 

11 /"I 1 ^ /' 1 5^ 8 /I 1 \ ii„ 1 1 i„ 

for ni 1 > 7 
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Region i^iQ) 


for 2 <mj < 5, 
/or rrij = b, 
/or rrij > 7 


Region (11) 




Region (12) 




Region (IS,) 


1 1 1 4 „ 1 10C2 1 1 1 „ 
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(6.4) Estimating ||e*||ii on Q^-. Except an adjustment of powers due the change from L^/^- 
norm to L^-norm, the computations in this case is completely the same as those in Part (b.3): 



(C1,C2) 




Region (I) 




Region (2) 




Oiti-"^ \\ogt\) + 0{t^^^ ^'') 

/or = 2, 

/or vrij > 3 


Region (ji) 




for mj = 2, 
/or mj > 3 


Region (^4^ 




for nij = 2, 






/or nij > 3 


Region 




©(ii-'^^llOgtl) + 0{t^^^ ) + 0(^1 m, ) 

/or mj = 2, 






for mj > 3 


Region 




Region (7) 




Region ^s) 




Region (9) 




Region (iQ) 




Region (^11) 


oii'"^ ) 


Region (^12) 




Region (^13) 


^ 1 , 2(mj+l) , 1 

0{t "^0+ -.-1 + 0{t ) 
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(6.5) Estimating ||(i£*||^6 on Q*-. It follows from Part (b.l) that 



'J "J 



J 

ri=t'=i 



0(t ) 



1 + o(t^^^ '"^■^) 



rl + 0{t 



2(i-;^-c2) 



2\ 1/2 



1/2 

) ) dn 



1/6 



Similar to the discussion in Part (b.3), the equalities 



1 



-2C2 



0(rr 



--1 



0(,2(l-^-2c.)^^ 



0{t 



2(l-i-)J(^-l) 



); 



are solved by 

Zc2'mj 



n = 0(i 2-^-1 ); n = 0(i"'^-i ); C2 = -(1 ■ 

^ Tftn 



respectively. Recall/denote the i-exponents: 



rl 



o{t'^'-^-'^^) 



n = 0{t)- n = 0{t 



El := ci , E2 :— C2 , £^3 := 



rrii 



75 , il/4 .— i C2 , -&5 .— i . 

zrrij — 1 mj 



Then the equations Ei (or £^3) = Ej (or £3), 1 < i < j < 5, refine the previous 13-region 
decomposition of {{01,02) G (1^+)^ : ci > C2} further into 26 regions: 



33 



riijion 


dt sc.iipfiou in {{) < (■> < ('1) 


order 


Region (Tj^ 


l<C2(<Cl), C2>|(l-2i-)ci 




Region (i)^ 


l<C2<i(l-5i-)ci, C2>^{1-^)C, 


£/4 B5 <C £2 ^ -^3 ^ ^1 *^ ^3 


Bcff/mi 


1 < < ^(1- 7^)<-i 


IT] _ _ ITj _ r'; ^ ITl 


Region (3)^ 


i(l-2;ir-)<C2<l, C2<i(l-;;i-)ci 


S4 ^ ^2 *^ -^5 *^ "^3 ^3 ^1 


Region (3)3 


i(l-;;i-)<C2<i(l-^), C2<i(l-;i-)ci 


£/4 £/2 ^ -^3 ^ -^5 ^ ^3 ^ ^1 


Region (4)^ 




-^2 ^ -^4 ^3 ^3 *^ ^5 ^1 


Region (4)2 


ci > 1 , <7r'''i , < C2 < "A'*"^;'^ 

— ' mj{3mj~-l) — — mj(5mj— 1) 


^2 *^ ^3 -^4 -^3 ^5 ^1 


Region 


C1>1, 0<C2<4^^ 


£/2 £3 £4 *C Eq *C 


Region (Q)^ 


C1>1, i(l-2^)ci<C2<l 


S4 *-C S2 ■^C ■^C El *C ■^C S3 


Region (Q)^ 


1(1 -2t-)<^^< 1(1 - 2;^)C1 , 1(1 - < C2 < 1 


E4 <^ S2 ■^C ■^C S3 *C ■^C E3 


Region (6)3 


C1>1, i(l-^)ci<C2<i(l-^) 


B4 < B2 < S3 < S5 < Bi < B3 


Region ij)^ 


C1<1. i(l-2;^)<C2«Cl) 


S4 *-C S2 ■^C ■^C *C S3 ■^C S3 


Region (y-^^ 


1(1 - ^)C1 < C2 < 1(1 - ^) , 1(1 -^)<C2 « cO 


S4 *C E2 ■^C S3 S5 *C S3 


Region (7)3 


ci<l, |(l-;^)<C2<i(l-2^)ci 


S4 *C S2 ■^C S3 ■^C S]^ *C Sg ■^C S3 


Region (s)i 


(l-;l-)-Cl<C2<i(l-;i-), C2>f(l-^)C1 


E2 *^ S4 ■^C El ■^C Sg *C S3 ■^C Sg 


Region ^8)2 


(,n,-l)(2,n -1) ^ 2 .^ 1 ^ 1 )C1 < C2 < 1(1 M 


E2 < E4 < E'^ < El < E^ < Sg 


Region (8)3 


/I 1 \ „ ^ „ ^ (mj-l){2m -1) „ ^ 1 /I 1 N„ 
(1 ^. ) CI < C2 < ;;,(5^._'i) , C2 > 2(1 ^. )C1 


S2 Sg ^-C S4 ■^C El *C S3 ■^C Sg 


Region (g)^ 


— ' mjCoTTij— 1) — — 2^ "^j 


E2 *^ S4 ■^C Sg ■^C Sg *C Sj^ ■^C Sg 


Region (■3)2 


C1<1, Jl^£i2l^<C2<i(l-;l-)c,, C2<^I^^;-g?^ 


E2 < E'^ < E4 < E3 < El < Sg 


Region (xo) 


C1<1, (0<)C2<4^^, C2>{\-^)-C, 


S2 *^ Sg 'C Sg ■^C S4 *C S]^ ■^C Sg 


Region (11)^ 


(m,-l)(2n»,.-l) < ) < (1 1) 


S2 *^ El ■^C S4 ■^C Sg *C Sg ■^C Sg 


Region (11)2 


m,(3mj-l) — '-J-.l ! slJ- 2mj — '-^ — mj(5m.j-l) 


E2 < El < E'^ < E4 < E3 < Sg 


Region (11)^ 


4^;=p?r)<'^2<|(l-2^)> C2<(l-;i-)-Cl 


S2 *^ Sg ■^C S]^ ■^C S4 *C Sg ■^C Sg 


Region (i2)i 


|(1-2^)C1<C2«C1), C2<4g^ 


E2 *C El ■^C Sg ■^C Sg *C S4 ■^C Sg 


Region (^12)2 


i(l - ;l-)ci < C2 < 1(1 - 2;^)ci , C2 < 4^;=^ 


^2 < £^3 < ^1 < S3 < £^4 < ^5 


Region ^13) 


(0<)C2<i(l-;l-)ci, C2<(l-;^)-Cl 


E2 *^ Eg ■^C Eg ■^C S]^ *C S4 ■^C Sg 
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Similar computations as those in Part (b.3) gives then the following bounds for ||de*||^6 on Q*-: 



(C1,C2) 




n fiflQ rtTI /t\ 




Region (i)^ 




Region (^2) 




Region (^3) ^ 




Region (^3)^ 


1 1 1„ 4 /-i 1 \ 23„ 


Region (4)^ 


(^(^l(i-;^)+(6^-2)ci-ic2 ^ + 0{r^^'^^^'"' ) 

7/1 1 > /23 1 5 N„ 4/1 1 N 10 „ i 1 8„ 
+ 0(i«(^ ™P (^+3(-.-l))^^) + 0(^3(1 ™P 3^2) + 0(^1 ™, 3-2-) 


Region (^i)^ 


4|'1 1 Ij./ 7 n-i 1 2 11 
0(i='^ m^) + Un.j 2;ci 6'=2^_|_Q(^ 3 6m^ 6^=2-, 


Region (K\ 


o(ii(i-^)+(6^-2)«i-5C2) + o(r^"^"5"') 

/I 1 \/ 7 2\ / 7 ll^„ /I 1 \ 2(5mj-3) ^ 1 g_ 
+ 0(t^ m.-Msm^ 3^ (emj <^ '"^ ) + '"i ' 3("'3 " D ) + 0( T ""i ^ ) 


Region [f^)^ 


3 4 7 4/1 J^-,_10 

0(t= 3m, 2=2-, _^ 0(^3(1 m,) 3=2^ 


Region (^6)^ 


4/1 1 \_L/ 1 11 1^ 3 4 7^ 4/1 1 \ 10 „ 
0(^3(l-7^) + (^--W-202-, ^ 0(^2-3^-2=2^ ^ ^ 3 (1 - ) - " =2 


Region (Q)^ 


4/1 1 1,/ 1 lli„ 1„ 1 1 1„ 4/1 1 10„ 

0(t3(i-7^)+(7^— r)=i-2=2-j ^ 2-3;;;--2=2 _^ o(i3(i-^)--^^) 


Region (^r)i 


0(,!(l-^)-¥c2^ 


Region (j)^ 


4/1 In 10 „ 
0(^3(l-7^^-)-TC2-, 


Region (j)^ 


0(il(l-^) + (.^-¥)ci-^C2^ ^ ^^^4(,_^)_^,^^ 


Region 


(5(^l(i-;^)-ic2^ + (9(^i-7;i--|=2^ 


Region (^s)2 


0(^^(1- J, ) + .PT;g^«2 ) + 0( ^1(1- mV )- ^3° C2 ^ ^ o( - f 02 ) 


Region f^s,)3 


0(,5(l-i,) + ^^C2^ ^ ^^^(X_^y(^l^._2) + (^1^._|),,^ ^ 0(il-".\-tc2) 
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Region (Q)^ 


4/1 1\10^ 1 1 8^ 


Region ^Q-^^ 


+ o(,(i-^)(^-i)+(^-§)c.) + o(t^-^-§-) 


Region (^iQ) 




Region (^ii)^ 




Region (^11)^ 


1 _ J__ firo 

0(i -"^ 


Region (11)^ 




Region (^i2)i 




Region (12)^ 




Region (^13) 





(c) Overall estimates on X. Adding the bound on P| and the bound on Qj, j = 1, • • • , no 
gives a bound of Sobolev norms on X. The proposition follows from the explicit expressions in 
Part (a) and Part (b). 

□ 

Remark 3.2.6. [further refinement]. Once having the explicit exponents in the f-powers, one can 
further refine each region in the (ci, C2)-plane in the proof so that in the end there is only one 
dominating t-power in each final region. As the details are straightforward but very tedious and 
there are issues one cannot bypass due to topological reasons (cf. Sec. 4), we omit the discussion 
of such further refinement. 



3.3 Lagrangian neighborhoods and bounds on Rif/), S{g^). 

Recall Definition 3.1.4, the Lagrangian neighborhood ■ Y oi Zq in Y, and the 

symplectic covering map /* : T*X^ T*Zq in Sec. 3.1. In this subsection, we address how 
tractable it is to construct an immersed Lagrangian neighborhood for /* by gluing an admissible 
Lagrangian neighborhood $ ^.^ ■ f/ ^' - , — ^ Y of L^°-i^ under '\b^'°-i^ , constructed 

in Proposition 2.4.1, to ° f\ on a neighborhood of the zero-section of J'*X* so that the 
immersed Lagrangian neighborhood of /* can fit into Joyce's criteria (iii), (iv), and (v). 

Definition/Lemma 3.3.1. [admissible immersed Lagrangian neighborhood for 

Let := /*|xo. Define : r*X^ ^ to be the symplectic covering map /,^'+'*( • ) = 

• + d/i*) and recall that o zero-section ~ from Definition 3.1.4. Assume that 

62 = Ct^~^ for some constants C > and < r/ < 1. Then there exists an eo > such that for 
S > small enough and t G (0,5), the restriction ^c/*.^ of f^'~^'* to the following neighborhood 

Uxo ■■= {{x,v) GT*X* : \v\gt <teo} 
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of the zero-section ofT*X^ is a symplectic immersion into Uzq- 

Proof. This follows from Proposition 2.4.4, the quasi-isometry nature of JJ^- T-' : Y''^ — > Y, and 
the following estimates of 1 



over tR'o <r <b%,cL Remark 3.1.6. 



^2' 



First, note that 



d 
dr 



rrii 



m,- + 1 



x\r) + x*(r)r 



l/m^ 



mj + 1 



Co 



+ 


1 








+ 


1 











= O(t('"^~^)/'"0 (61)"^ + 0(t("»^-i)/"^^) + 0(1). 

Here, we have used the fact that r^/'^J (resp. r^^~'^i^/'^i) is an increasing (resp. decreasing) 
function over r > for all j. Suppose that 63 = with < < 1. Then, 



Consequently, 



1 



dr 



X*(r) + x*(r) r-^/^ 



+ 1 

This implies that there exists an eo > such that the following disk-bundle of constant radius 
{{x^v) G T*X^ : distance gt{x,T) > tRg, \v\gt < eot} 

is immersed into Uzq by f\'~^'*- □ 

Definition 3.3.2. [immersed Lagrangian neighborhood for /* via gluing]. Continuing 
the assumption of b^ in Definition/Lemma 3.3.1. Recall the constructions and notations in 
Sec. 2.4 and Sec. 3.1. Let i?Q > such that < tR'Q < b\. Performing the construction of 
Sec. 2.4 to ib^'°- for each j gives an admissible Lagrangian neighborhood , : U""^',- , — ^ Y''^ 

for L''"3* c y''^ under ■^■J'"^* . For < r < i?o, denote 



I^X (L j) 



+ V^a;2r^| < r} 



Then $ 



and $ 



coincide over 



= U.j{ixi,X2,X3,Pxi,Px2,Px3) e t^"^'(*f .) : i-^o < K^^l + V^X2)'^^ < b{} 
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under the built-in inclusions C/"^'*. c T*X and Y''^ C T*Zo. It follows that if one takes the 
following neighborhood of the zero-section of T*X: 



then the restrictions I* 



and $r/t glue to a symplectic immersion 



"1 



whose restriction to the zero-section is /*. defines thus an immersed Lagrangian neighbor- 
hood for the immersed Lagrangian submanifold /* : X — > y. 

Theorem 3.3.3. [bound for size, injective radius, and curvature]. Recall Theorem 1.3 
in Sec. 1. Making 5 smaller if necessary, there exist A\, A^, A^, Aq > Q such that the following 
hold for all t G (0,(5); 

(iii) The subset BAit C T*N^ of Definition 1.2 lies in U^t, and ||V'^^*||c70 < A4t~'^ on BAit for 
k = 0,l, 2, 3. 

(iv) The injectivity radius 5{g^) satisfies 5{h*) > A^t. 

(v) The Riemann curvature R{g^) satisfies \\R{g^)\\co < AQt~^. 

Proof. Except the necessary mild changes of details that are akin to particular situations, the 
proof of [Jo3: III. Theorem 6.8] applies here. In summary, note that the region in X where /* 
and / differ has the image contained in Y''^ for all t. Outside this region, /* is independent of 
t and, hence, all the criteria in the theorem are satisfied. The theorem thus is a joint consequence 
of the following items: 

(1) Proposition 2.4.4, which leads to the size lower bound Ait in Criterion (iii); 

(2) Proposition 2.4.6, which, together with Parts (3) and (5), leads to the bounds in Criterion 
(iii); 

(3) the estimate of ^ (a^/'^J t^rnj-^ymj + ^t(r) ^i/m, ^ ^^^^ tR'^ < r < h\ and 

the conclusion in the proof of Definition/Lemma 3.3.1, which is needed to control the 
behavior of V, and together with Parts (3) and (5), justifies Criteria (iv) and (v); 

(4) the quasi-isometry nature of T-' : Y''^ Y, which is needed to relate the local study 
in the fiat tangent space to that in Y. 

□ 



3.4 Sobolev immersion inequalities on TV*. 

In this subsection we discuss the (in)validity of the following statement in our situation: 

Statement 3.4.1. [Sobolev immersion inequality]. (Cf. [Jo3: III. Theorem 6.12].) Making 
5 > smaller if necessary, there exists > such that for all t G (0,(5), if v E L\{N*) with 
Jj^tvdV^ = then v G L^{N^) and \\v\\l6 < A7\\dv\\L2. 
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The investigation (and notations whenever possible) follow^ the setting of Joyce in [Jo3: III. 
Sec. 6.4]. See also [Bui: Sec. 4.6, Sec. 5.3] of Adrian Butscher, [Lee: Sec. 3] of Yng-Ing Lee , 
and [Sal: Sec. 4] of Sema Salur for related studies. 

Preparation. 

Some basic Sobolev inequalities are given here. 

Theorem 3.4.2. [Michael-Simon inequahty]. ([M-S] and [Jo3: III. Theorem 6.9].) Assume 
that m > 3. Let f : S ^ M!" be an immersed m-submanifold of M} and u € C^^(S'). Then 
\\u\\j^2m/{m-2) < -Di(||n||2,2 + ||u-ff||^2), where Di > depends only on m, and H is the mean 
curvature vector of S in M} along f. 

The special Lagrangian submanifold t ■ L''"" is minimal (i.e. H=0) in Y'. Thus: 

Corollary 3.4.3. [Sobolev inequality]. (Cf. [Jo3: III. Corollary 6.10].) There exists Di > 
such that \\u\\q < Di\\du\\i^2 for t > and u G C^^(t • L''"). 

Proposition 3.4.4. [Sobolev inequality]. (Cf. [Jo3: III Proposition 6.11].) There exists 
D2> such that for all v G C^giX""), 

\\v\\l<^ < D2 (^\\dv\\L2 + 

Proof. Note that since X is connected, so is X^. The proof of [Jo3: III Proposition 6.11] then 
goes through, word for word, with only 

• 'embedding' replaced by 'immersion'; 

• [Jo3: I. Theorem 2.17] replaced by Lemma 2.1.2 and Example 2.1.3 of the current notes 
to take care of the counter situation of branched coverings under study. 

□ 

(Non)existence of Aj in Statement 3.4.1. 

Recall the parameters tR'^ < b\ < 62 Ct^~^) < Rq < 1, which set the range of gluings in 
the gluing construction in Sec. 3.1 from the aspect of target Calabi-Yau 3-fold Y. t £ (0,(5) 
with < 5 < 1 small enough. As /* : X — t- y is an immersion with X carrying the pull-back 
metric, we'll directly treat X as a submanifold in Y in the following computations and estimates 
whenever this is more convenient. 

Let a, 5 G M with 0<a<b<l — r]. Then for 60 small enoug h, 26*2 <t'' Kt" < Ro holds 
for all t G (0,(5). Let G : (0,oo) — [0,1] be a smooth decreasing function with G{s) = 1 for 
s G (0, a] and G{s) = for s G [6,00). Write G for dG/ds. Recall the coordinates (xi,X2,X3) 
on uxi^j) and the coordinates {ui,U2,u^) on u-'^^ij^i) in Definition 3.1.1. For x G vx{^j) 
for some j G {1, • • • , no}; denote r := ](xi + \/— 1x2)"^^' |. For t G (0,(5), define a function 
F* : iV* = X ^ [0, 1] by 

r , for X G ux{fj), j G {1, • • • , no}, < r < ^^ 

F\x) = \ G((logr)/(logt)), for x G iyx{tj), J G {1, ••• , no}, t' < r < t\ 

y 1 , for X at elsewhere in X . 

''Details that are the same as in [Jo3: III Sec. 6.4] and not needed in the discussion are referred to ibidem and, 
hence, omitted. 
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Then, F* is a smooth function on with 

r (logt)-iG((logr)/(logt))r-idr on Ljf=i{*'' < r < t«} C LJ?=i ^^^(f,) , 







elsewhere . 



{F* , 1 — F*} gives thus a two-component partition of unity on A*"*. We'll use it to decompose 
a function v G C^{N*) with Jj^t vdV* = into v = F^v + (1 — and then treat F*v as 

a compactly-supported function on and apply Proposition 3.4.4 to it, and (1 — F^)v as a 
compactly supported function on U^^i(i • L"'^) C Uj=i apply Corollary 3.4.3 to each 

component of it. 

For the first part, since /* and / coincide on X — U^^^jO < r < 63} 63 < t^i 
is naturally in Clg{X'^) and 5* = 5 on the support of F^v. Proposition 3.4.4 plus a Holder's 
inequality gives then 

\\F'v\\l^ < D2 (\\diF'v)\\L2 + [ F'vdV' 

< D2 {\\F'dv\\L2 + \\v\\l6 ■ {\\dF'\\L3 + ||l-F*|L6/5)) . 

For the second part, we prove first a lemma: 

Lemma 3.4.5. [quasi-isometry with uniform bound on dilatation]. Assume that b\ = 
Cit^~'^^ and 62 = C2t^~'^'^ , where Q < r]i < r]2 < ^ — a < \. Assume further that 772 > 
maxj || (1 + ) ^^|- Then, for 5 > small enough and all t G (0,(5), the map 



f\xi,X2,X3) 



l/m-j j.{mj — l)/mj 



ixi + y/^X2),0) 



quasi- 



gives a diffeomorphism that takes /*({|xi + \/^X2p^' < to L''"-'*"'^ 

isometrically with the dilatation uniformly bounded both from above and from below (away from 
zero) t-independently. 

Proof. Recall Remark 3.1.6 and the proof of Definition/Lemma 3.3.1. Under the assumption 
that b\ = Cit^~^^ and = C2t^~^^, where < 771 < 772 < 1 — a < 1, one has the following 
estimates over {tR^ <)bi <r<t°': 



d 
dr 



rrij + 1 



m 



j^tM + x^(r)r^/"^^ + — x*(r)r^^~'^^^/"^^ 
1 (bir +6* + m/ ; 



rrij + 1 



< 0{t 



2J72-1- 



ruj + 



) + 0(^'" ) + 0{t 



)■ 



The further assumption that r/2 > max^ + > implies that the right-hand side of 

the last inequality tends to zero as t ^ 0. On the other hand. 



dr \ J 



< 0{t 



over b\ < r < t", which also tends to as t — > 0. The lemma follows. 



□ 
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Applying Corollary 3.4.3 to (1 - F^)v on t ■ L''" gives ||(1 - F^)v\\l6 < Di \\d{{l - F*)v)\\l2 
with the norms computed using g' on t ■ L''". Increasing Di to 2Di, the same inequality holds 
with norms computed using g'' for small t. Thus, making 6 > smaller if necessary, for all 
t G (0, 6) and each connected component of (1 — F^)v on iV* (labelled by j = 1, • • • , no), 



[l-F')v\\Le < 2Di\\d{{l-F')v)\\L2 



Summing over j gives 



||(1-F>||^6 < 2^/hoDi\\d{{l-F')v)\\L2 

< 2^Di (||(l-F*)dv||L2 + M^e ■ \\dF*\\r,3) . 

Combining the above inequality with the previous inequality for ||F*t>||j;,6, the inequalities 
||F*dv||i2, 11(1 — F*)dv\\j^2 < \\dv\\i,2, and a Holder's inequality then proves 



1 - {D2 + 2V^Di) \\dF^\\L3 - D2\\l-F* 



\v\\l6 < {D2 + 2 ^/hQDl) \\dv\\i2 . 



It follows from Lemma 3.4.5 that one can compute the t-order of ||(iF*||i3 and the t-order of 
||1 — F*||^6/5 on {N^,g^) via the t-order of the corresponding same quantity on L' and t ■ L''" in 
Llji(^''^5') respectively. 
On L' C y''^ 



\dF*\ 



L3 



u3=o Je=o 



(logt)-iG'((logr)/(logt))r-i 



r dr dO dus 

1/3 



1/3 



= iy'{2mj7r)'/'{~logt)-' (^l^_^^\Gi{logr)/{logt))\'r-^dr^ 

It follows from the facts that |G((logr)/(logt))| is bounded above by a constant independent of 

t and r and that there exist (0 <) a < a' < b' < b such that the restriction of |G((logr)/(logt))| 
to [t'' , ] is bounded below by a positive constant independent of t and r that 

0{-{logt)-H-^'/^) < WdF^hs < 0{-{logt)-H-^/^) . 

Since b, b' > 0, it follows that ||(iF*||i3 -> 00 as t — > 0. 
On t -L''"^- C Y''j, 



\i-fH 



L6/5 



/ / / |l-G((logr)/(logi))| 
Ju3=o Je=o Jr=0 



6/5 



■r (1 + mT2a^2/m, r2(l-m,)/m,^ drdedu3 



5/6 



< lf{2mj7rf/^ 



= O 



^^5a/(3mj)^ 



-> 



as t 



J 

0. 



It follows that one cannot extract the Sobolev inequality in Statement 3.4.1 that bounds 
11^1^6 by 11^2 from the inequality derived earlier: [1 — {D2 + 2y/nQDi) \\dF^\\i^3 — D2 ||1 — 
■ < {F>2 + 2^/noDl) \\dv\\L2. The validity of Statement 3.4.1 is thus left open in 

our situation through the above method. 
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4 Summary and remark: Input from the topology of X and the 
branching of /. 

Given a branched covering f : X ^ Zq C Y a special Lagrangian 3-sphere Zq in a 

Calabi-Yau 3-fold Y, one expects that the natural family of immersed Lagrangian deformations 
/* : X — 7- y of /, t € (0,(5) for < 5 < 1 small enough, constructed in Sec. 3.1 (1) have the 
Sobolev norms of the variations of the mean curvature along /* too large as i — )• 0, (cf. Sec. 3.2), 
(2) cannot pass directly a Sobolev inequality test that allows one to conclude the existence of 
a t-independent uniform positive lower bound for the first eigenvalue of the Laplacian Agt of 
(X, (/*), where := {f^)*g is the pull-back metric on X, (cf. Sec. 3.4), though (3) /* still meets 
the criteria on the size and the geometry in a Lagrangian neighborhood of /* in Y that demand 
/* to approach the singular {Xjq'^) not too fast, as t — >■ 0, and to have enough room in Y to 
deform /* further, (cf. Sec. 3.3). Issue (1) suggests that one has to glue the approximately special 
Lagrangian local models a ■ L''" not to /, but some Lagrangian perturbation of / that matches 
the flaring-out rate of tL''" better. Issue (2) suggests that one has to identify the collection of 
eigenvalues of {X,g^) that approach as t ^ and then consider deformations of / that are 
only in the complementary directions to those that correspond to the eigenfunction associated 
to these eigenvalues. Item (3) suggests that the gluing with a scaling construction, as done in 
[Jo3] of Joyce, is a versatile construction, which one would like to keep while remedying Issues 
(1) and (2). 

While the detail of the deviation requires specific computations as is done in Sec. 3, that the 
immersed Lagrangian deformation constructed in this note will deviate from being deformable 
to an immersed special Lagrangian deformation, no matter what adjustments one attempts, 
is anticipated even before one gets into such details. This is because there are examples of 
branched coverings of by and the construction in this note apply to them as well. Should 
there be no deviations, one would have constructed a nontrivial family of immersed special 
Lagrangian S^'s, which contradicts (the immersed generalization of) a result of Robert McLean 
([McL: Theorem 3.6]) which implies, in particular, that an immersed special Lagrangian 3- 
sphere is rigid. Thus, if such a deformation is possible, the topology of the domain X of the 
branched covering / : X — t- S*^ of a special Lagrangian in question must play a significant 
role in rectifying the deviations created in the naive gluing as we see in this note. The detail 
of the local model given in Sec. 2.2 combined with the original study of deformations of special 
Lagrangian submanifolds in [McL: Sec. 3] suggests that one such necessary condition would be: 

• [infinitesimal condition for unwrapping] There exists a harmonic/closed- 'n'-coclosed 1- 
form a on X that has the decay behavior exactly of type p"^^dp around the component Fj 
of the branch locus F C X of the branched covering f : X ^ in a Calabi-Yau 3-fold Y. 

This is a condition that involves both the topology of X and the branching of the map f : X ^ 
S^. Here, rrii is the degree of / around Fj, p is the distance function distance ( • , F) on X associ- 
ated to the pull-back metric (with curvature singularities along F), and the harmonicity/closed- 
'n'-coclosedness of a is with respect to the latter singular metric on X as well. If a behaves of 
type p^'dp along Fj with < rrii for some i, then one has a chance of tearing off / along Fj 
when trying to deform / as guided by a in the realm of special Lagrangian immersions. In the 
opposite direction, if Aj > for some i, then the corresponding candidate special Lagrangian 
deformations of / may remain branched along Fj and hence fails to be an immersion. 

This leads one thus to issues on such harmonic/closed- 'n'-coclosed 1-forms and the exis- 
tence/nonexistence of obstructions to the above first order picture. 
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